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Notations

To enhancehereadabilitythe notationsusedthroughouthetext aresummarizedere.

For matricesbold facefontsareused(i.e. ). 4-vectorsarerepresentetly and3-vectorsby . Scalar
valueswill berepresenteds .

Unlessstateddifferentlytheindices , and areusedfor views,while and areusedfor indexing
points,lines or planes.The notation indicatesthe entity ~ which relatesview to view (or going
fromview toview ). Theindices, and will alsobeusedto indicatethe entriesof vectors,matrices
andtensors.Thesubscripts , , and will referto projective, af ne, metricand Euclideanentities
respectiely

camergprojectionmatrix ( matrix)
world point (4-vector)

world plane(4-vector)

imagepoint (3-vector)

imageline (3-vector)

homographyor plane fromview toview ( matrix)
homographyrom plane toimage ( matrix)
fundamentamatrix ( rank2 matrix)
epipole(projectionof projectioncenterof viewpoint intoimage )
trifocal tensor( tensor)

calibrationmatrix ( uppertriangularmatrix)
rotationmatrix

planeatin nity (canonicarepresentation: )
absoluteconic

(canonicakepresentation: and )
absolutedualquadric( rank 3 matrix)
absoluteconicembeddedh the planeatin nity ( matrix)
dualabsoluteconicembeddedh the planeatin nity ( matrix)
imageof theabsoluteconic( matrices)

dualimageof the absoluteconic ( matrices)
equivalenceupto scale( )
indicateshe Frobeniushormof  (i.e. )
indicateshematrix  scaledo have unit Frobeniushorm
(.e.— )

is thetranspos®f

istheinverseof (i.e. )

is the Moore-Penrospseudadnverseof
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Chapter 1

Intr oduction

In recentyearscomputergraphicshasmadetremendougprogressn visualizing3D models. Many tech-
nigueshave reachednaturityandarebeingportedto hardware. This explainsthatin theareaof 3D visual-
ization performancés increasingevenfasterthanMoore's law?®. Whatrequireda million dollar computer
afew yearsagocannow beachievedby agamecomputercostingafew hundreddollars. It is now possible
to visualizecomplex 3D scenesn realtime.

This evolution causesan importantdemandfor more complex andrealistic models. The problemis
that even thoughthe tools that are available for three-dimensionainodelingare getting more and more
powerful, synthesizingrealisticmodelsis dif cult andtime-consumingandthusvery expensve. Many
virtual objectsareinspiredby real objectsandit would thereforebe interestingto be ableto acquirethe
modelsdirectly from thereal object.

Researcherbave beeninvestigatingmethodsto acquire3D informationfrom objectsand scenedor
mary years. In the pastthe main applicationswere visual inspectionand robot guidance. Nowadays
however the emphasiss shifting. Thereis moreandmoredemandor 3D contentfor computergraphics,
virtual reality andcommunication.This resultsin a changen emphasidor the requirementsThe visual
quality become®neof the mainpointsof attention.Thereforenot only the positionof a smallnumberof
pointshaveto bemeasuredvith high accurag, but thegeometryandappearancef all pointsof thesurface
have to bemeasured.

The acquisitionconditionsandthe technicalexpertiseof the usersin thesenew applicationdomains
can often not be matchedwith the requirement®f existing systems. Theserequireintricate calibration
proceduresvery time the systemis used. Thereis an importantdemandfor e xibility in acquisition.
Calibrationprocedureshouldbe absenor restrictedto a minimum.

Additionally, the existing systemsareoftenbuilt aroundspecializechardware(e.g. laserrange nders
or stereorigs) resultingin a high costfor thesesystems.Many new applicationshowever requirerobust
low costacquisitionsystems.This stimulatesthe useof consumeiphoto-or video cameras.The recent
progressn consumedigital imagingfacilitatesthis. Moore's law alsotells usthatmoreandmorecanbe
donein software.

Dueto the corvergenceof thesedifferentfactors,mary techniqueshave beendevelopedover the last
few years.Many of themdo not requiremorethana cameraanda computerto acquirethree-dimensional
modelsof realobjects.

Thereareactive andpassve techniquesTheformeronescontrolthelighting of thescendge.g.projec-
tion of structuredight) which on the onehandsimpli es the problem,but on the otherhandrestrictsthe
applicability Thelatteronesare oftenmore e xible, but computationallynore expensve anddependent
onthestructureof the scendtself.

Someexamplesof state-of-the-araictive techniquesare the simple shadev-basedapproachproposed
by BouguetandPerong10] or thegrid projectionapproactproposedy Proesmanstal. [126, 133 which
is ableto extract dynamictextured 3D shapegthis techniqueis commerciallyavailable,see[133]). For
thepassie techniquesnary approachesxist. Themaindifferencedetweertheapproachesonsistof the

IMoore's law tells usthatthe densityof silicon integrateddevicesroughly doublesavery 18 months.
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2 CHAPTERI1. INTRODUCTION

Figurel.1: An imageof ascene

requiredlevel of calibrationandthe amountof interactionthatis required.

For mary yearsphotogrammetryf137] hasbeendealingwith the extraction of high accurag mea-
surementgrom images. Thesetechniquesnostly requirevery precisecalibrationandthereis almostno
automation.The detailedacquisitionof modelsis thereforevery time consuming.Besideghetools avail-
ablefor professionalssomesimplertoolsarecommerciallyavailable(e.g. PhotoModelef97]).

Sincea few yearsresearchersn computervision have tried to both reducethe requirementdor cali-
brationandaugmenthe automatiornof the acquisition. The goal is to automaticallyextracta realistic3D
modelby freely moving a cameraaroundanobject.

An early approachwas proposedby Tomasiand Kanade[149]. They usedan afne factorization
methodto extract 3D from imagesequencesAn importantrestrictionof this systemis the assumptiorof
orthographigrojection.

Anothertype of systemstartsfrom anapproximate8D modelandcamergposesandre nes themodel
basedon images(e.g. Facadeproposedy Debevecet al. [22, 148). The advantages thatlessimages
arerequired.Ontheotherhandapreliminarymodelmustbe availableandthe geometryshouldnot betoo
comple.

In this text it is explainedhow a 3D surfacemodelcanbe obtainedfrom a sequencef imagestaken
with off-the-shelfconsumeicameras.The useracquireshe imagesby freely moving the cameraaround
the object. Neitherthe cameramotionnor the camerasettingshave to be known. The obtained3D model
is a scaledversionof the original object(i.e. a metricreconstruction)andthe surfacealbedois obtained
from theimagesequencaswell. This approacthasbeendevelopedoverthelastfew years[99, 102 103
105 107,111, 109 71, 112 113 66, 101]. The presentecdystemusesfull perspectie camerasanddoes
notrequireprior models.lt combinesstate-of-the-aralgorithmsto solve the differentsubproblems.

1.1 3Dfromimages

In this sectionwe will try to formulateananswerto the following questionsWhatdoimagestell usabout
a 3D sceneHow canwe get3D informationfrom theseimagesVhatdo we needto know beforehand?
A few problemsanddif culties will alsobepresented.

An imagelike in Figure 1.1 tells us a lot aboutthe obsened scene. Thereis however not enough
informationto reconstructhe 3D sceneg(at leastnot without doing an importantnumberof assumptions
on the structureof the scene).This is dueto the natureof theimageformationprocesswvhich consistsof
aprojectionfrom athree-dimensionadceneonto a two-dimensionalmage. During this procesghe depth
is lost. Figure1.2illustratesthis. Thethree-dimensiongboint correspondindo a speci ¢ imagepointis
constrainto be on the associatedine of sight. Froma singleimageit is not possibleto determinewhich
pointof thisline correspondso theimagepoint. If two (or more)imagesareavailable,then-ascanbeseen
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Figurel.2: Back-projectiorof a pointalongtheline of sight.

from Figure 1.3-thethree-dimensiongboint canbe obtainedasthe intersectionof the two line of sights.
This processs calledtriangulation.Note,however, thata numberof thingsareneededor this:

Correspondingmagepoints
Relative poseof the camerdor thedifferentviews
Relationbetweertheimagepointsandthe correspondindine of sight

Therelationbetweeranimagepointandits line of sightis givenby thecameranodel(e.g. pinholecamera)
andthecalibrationparametersTheseparameterareoftencalledtheintrinsic camergparametersvhile the
positionandorientationof the cameraarein generakalledextrinsic parametersin thefollowing chapters
we will learnhow all theseelementsanbe retrieved from the images. The key for this aretherelations
betweenmultiple views which tell us that correspondingetsof points mustcontainsomestructureand
thatthis structureis relatedto the posesandthe calibrationof the camera.

Note that differentviewpointsare not the only depthcuesthatareavailablein images.In Figurel.4
someotherdepthcuesareillustrated. Although approachesiave beenpresentedhat canexploit mostof
thesejn thistext we will concentrat@n theuseof multiple views.

In Figure 1.5 a few problemsfor 3D modelingfrom imagesareillustrated. Most of theseproblems
will limit the applicationof the presenteanethod. However, someof the problemscanbe tackledby the
presentedipproach.Anothertype of problemsis causedvhenthe imaging processdoesnot satisfy the
cameramodelthatis used. In Figure 1.6 two examplesare given. In the left image quite someradial
distortionis present. This meansthat the assumptiorof a pinhole camerais not satis ed. It is however
possibleto extendthe modelto take the distortioninto account.The right imagehoweveris muchharder
to usesincean importantpart of the sceneis not in focus. Thereis also somebloomingin thatimage
(i.e. over ow of CCD-pixel to thewhole column). Most of theseproblemscanhowever be avoidedunder
normalimagingcircumstance.

1.2 Overview

The presentesystemgraduallyretrievesmoreinformationaboutthe sceneandthe camerasetup.Images
containa hugeamountof information (e.g. color pixels). However, alot of it is redundant
(which explainsthe succes®f imagecompressioralgorithms).The structurerecovery approachegequire
correspondencdsetweerthe differentimages(i.e. imagepointsoriginatingfrom the samescenepoint).
Dueto the combinatoriaihatureof this problemit is almostimpossibleto work on the raw data. The rst
stepthereforeconsistsof extracting features. The featuresof differentimagesarethencomparedising
similarity measuresnd lists of potentialmatchesare established.Basedon thesethe relation between
the views arecomputed.Sincewrong correspondencesanbe presentyobustalgorithmsareused. Once
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CI

Figurel1.3: Reconstructiomf three-dimensiongboint throughtriangulation.

Figure 1.4: Shading(top-left), shadevs/symmetry/silhouett@op-right), texture (bottom-left) and focus
(bottom-right)alsogive somehintsaboutdepthor local geometry
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Figure 1.5: Somedif cult scenes:moving objects(top-left), complex scenewith mary discontinuities
(top-right),re ections (bottom-left)andanothehardscengbottom-right).

Figure 1.6: Someproblemswith image acquisition: radial distortion (left), un-focussedand blooming
(right).
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consecutie views have beenrelatedto eachother, the structureof the featuresand the motion of the
camerais computed.An initial reconstructions thenmadefor the rst two imagesof the sequenceFor
the subsequenimagesthe cameraposeis estimatedn the framede ned by the rst two cameras.For
every additionalimagethat is processedt this stage,the featurescorrespondingo pointsin previous
imagesare reconstructedre ned or corrected. Thereforeit is not necessaryhat the initial points stay
visible throughoutheentiresequenceTheresultof this stepis areconstructiorof typically afew hundred
featurepoints.Whenuncalibratedcamerasreusedthe structureof the sceneandthemotionof thecamera
is only determinedup to an arbitrary projective transformation.The next stepconsistsof restrictingthis
ambiguityto metric(i.e. Euclideanup to anarbitraryscalefactor)throughself-calibration.In a projective
reconstructiomotonly the sceneput alsothe cameras distorted.Sincethealgorithmdealswith unknavn
scenesjt hasno way of identifying this distortionin the reconstruction. Although the camerais also
assumedo be unknavn, someconstraintson the intrinsic camergparameterge.g. rectangulaor square
pixels, constantaspectratio, principal point in the middle of the image,...) canoften still be assumed.
A distortionon the cameramostly resultsin the violation of one or more of theseconstraints.A metric
reconstruction/calibratiois obtainedby transformingthe projective reconstructionuntil all the constraints
on the cameragntrinsic parameteraresatis ed. At this point enoughinformationis availableto go back
to theimagesandlook for correspondencesr all the otherimagepoints. This searchs facilitatedsince
the line of sightcorrespondindo animagepoint canbe projectedto otherimages restrictingthe search
rangeto one dimension. By pre-warpingthe image-this processs calledrecti cation- standardstereo
matchingalgorithmscanbe used. This stepallowsto nd correspondencesr mostof the pixelsin the
images. From thesecorrespondencease distancefrom the pointsto the cameracentercanbe obtained
throughtriangulation. Theseresultsarere ned and completedby combiningthe correspondencefsom
multiple images. Finally all resultsare integratedin a textured 3D surfacereconstructiorof the scene
underconsiderationThe modelis obtainedoy approximatinghe depthmapwith atriangularwire frame.
Thetextureis obtainedrom theimagesandmappedntothe surface.An overview of the systemss given
in Figurel.7.

Throughouttherestof thetext the differentstepsof the methodwill be explainedin moredetail. An
imagesequencef the Arenbeg castlein Leuvenwill be usedfor illustration. Someof theimagesof this
sequenceanbeseenin Figurel.8. Thefull sequenceonsistof 24imagesecordedvith avideocamera.

Structur eof the notes Chapter and3 givethegeometridoundationto understangheprinciplesbehind
the presentedhpproachesThe formerintroducesprojective geometryandthe strati cation of geometric
structure. The latter describeghe perspectie cameramodel and derivesthe relation betweenmultiple
views. Theseareat the basisof the possibility to achieve structureandmotionrecovery. This allows the
interestedeaderto understandvhatis behindthe techniquegresentedn the otherchaptersbut canalso
beskipped.

Chapte# dealswith theextractionandmatchingof featuresandtherecovery of multiple view relations.
A robusttechniques presentedo automaticallyrelatetwo views to eachother

Chaptel5 describehow startingfrom therelationbetweerconsecutieimageghestructureandmotion
of the whole sequenceanbe built up. Chapteré brie y describesomeself-calibrationapproacheand
proposes practicalmethodto reducethe ambiguityon the structureandmotionto metric.

Chapter7 is concernedvith computingcorrespondencedsr all the imagepoints. First an algorithm
for stereomatchingis presentedThenrecti cation is explained.A generaimethodis proposedvhich can
transformevery imagepair to standardstereocon guration. Finally, a multi-view approachs presented
which allows to obtaindenseidepthmapsandbetteraccurag.

In Chapte it is explainedhow theresultsobtainedn the previouschaptersanbecombinedo obtain
realisticmodelsof the acquiredscenes At this point a lot of informationis availableanddifferenttypes
of modelscanbe computed.The chapterdescribediow to obtainsurfacemodelsandothervisualmodels.
Thepossibilityto augmentvideo sequencés alsopresented.
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Figurel.7: Overview of the presentedpproactor 3D modelingfrom images
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Figurel.8: Castlesequencethis sequencés usedthroughouthetext to illustratethe differentstepsof the
reconstructiorsystem.



Chapter 2

Projective geometry

“

experienceprovesthatanyonewho hasstudiedgeometnyis in nitely quickerto graspdif cult subjects
thanonewho hasnot”
Plato- The Republic,Book 7, 375B.C.

The work presentedn this text draws a lot on conceptf projectve geometry This chapterandthe
next oneintroducemostof the geometricconceptausedin the restof thetext. This chapterconcentrates
on projective geometryand introducesconceptsas points, lines, planes,conicsand quadricsin two or
threedimensions. A lot of attentiongoesto the strati cation of geometryin projective, afne, metric
andEuclideanlayers. Projective geometryis usedfor its simplicity in formalism,additionalstructureand
propertiescanthen be introducedwere neededhroughthis hierarchyof geometricstrata. This section
wasinspiredby the introductionson projectve geometryfound in Faugeras’book[29], in the book by
Mundy andZissermar(in [91]) andby the book on projective geometryby SempleandKneebong132].
A detailedaccouninthe subjectcanbefoundin therecentbookby Hartley andZissermarj55].

2.1 Projective geometry

A pointin projectve -space, ,isgivenbya -vectorof coordinates . At least
oneof thesecoordinateshoulddiffer from zero. Thesecoordinatesarecalledhomaeneousoordinates.
In thetext the coordinatevectorandthe pointitself will be indicatedwith the samesymbol. Two points

representedy -vectors and areequalif andonly if thereexists a nonzeroscalar suchthat
, for every . Thiswill beindicatedby
Oftenthe pointswith coordinate aresaidto beat in nity . Thisis relatedto theafne space

. This conceptis explainedmorein detailin section2.2.

A collineationis a mappingbetweenprojective spaceswhich preseres collinearity (i.e. collinear
points are mappedto collinear points). A collineationfrom to is mathematicallyrepresented
by a -matrix . Pointsaretransformedinearly: . Obsene thatmatrices

and  with anonzeroscalarrepresenthe samecollineation.

A projectivebasisis the extensionof a coordinatesystemto projective geometry A projective basisis

asetof pointssuchthatno of themarelinearly dependentThe set for
every , Wherel is in the th positionand is the standardprojective
basis.A projectvepointof ~ canbedescribedsalinearcombinationof any pointsof thestandard

basis.For example:

It canbe shawvn [31] thatary projective basiscanbe transformedvia a uniquelydeterminedcollineation

9



10 CHAPTER2. PROJECTIVEGEOMETRY

into the standardprojective basis.Similarly, if two setof points and bothform
a projective basis,thenthereexists a uniquely determineccollineation  suchthat for every
. Thiscollineation describeshechangeof projective basis.In particular is invertible.

2.1.1 The projective plane

The projective planeis the projectve space . A pointof  is representedy a 3-vector
A line isalsorepresentetly a 3-vector A point islocatedonaline if andonly if

(2.1)

Thisequationcanhoweveralsobeinterpretedasexpressinghattheline  passeshroughthepoint . This
symmetryin theequatiorshovsthatthereis noformal differencebetweerpointsandlinesin theprojective
plane.Thisis known asthe principle of duality. A line passinghroughtwo points and is givenby
theirvectorproduct . Thiscanalsobewritten as

with (2.2)

Thedualformulationgivestheintersectiorof two lines. All thelinespassinghrougha speci ¢ pointform
apenciloflines If twolines and aredistinctelement®f thepencil,all theotherlinescanbeobtained
throughthefollowing equation:

(2.3)

for somescalars and . Notethatonly theratio — isimportant.

2.1.2 Projective 3-space

Projectve 3D spaceastheprojectvespace . A pointof  isrepresentetly a4-vector .
In  thedualentity of a pointis a plane,whichis alsorepresentetdy a 4-vector A point is locatedon
aplane if andonly if

(2.4)

A line canbe given by the linear combinationof two points or by the intersectionof two
planes

2.1.3 Transformations

Transformationin theimagesarerepresentetly homayraphiesof . A homographyf
isrepresentetly a -matrix .Again and representhesamehomographyor all nonzercscalars
. A pointis transformedasfollows:
(2.5)

The correspondindgransformatiorof a line canbe obtainedby transformingthe pointswhich areon the
line andthen nding theline de ned by thesepoints:

(2.6)
Fromthepreviousequatiorthetransformatiorequatiorfor aline is easilyobtainedwith
):
(2.7)
Similarreasoningn  givesthefollowing equationgor transformationsf pointsandplanesn 3D space:
(2.8)
(2.9)

where isa -matrix.
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2.1.4 Conicsand quadrics

Conic A conicin  isthelocusof all points satisfyingahomogeneouquadraticequation:
(2.10)

where isa symmetricmatrix only de ned up to scale.A conicthusdepend®n veindependent
parameters.

Dual conic  Similarly, thedualconceptexistsfor lines. A conicernvelopeor dual conicis thelocusof all
lines satisfyingahomogeneouquadraticequation:

(2.11)

where isa symmetricmatrix only de ned up to scale. A dual conicthusalsodependsn ve
independenparameters.

Line-conic intersection Let and betwo pointsde ning aline. A point on this line canthenbe
representedy . Thispointliesonaconic if andonly if

which canalsobewritten as
(2.12)

where

This meanghataline hasin generakwo intersectiorpointswith a conic. Theseintersectiorpointscanbe
realor complex andcanbe obtainedby solvingequation(2.12).

Tangentto a conic Thetwo intersectionpointsof a line with a conic coincideif the discriminantof
equation(2.12)is zero. This canbewritten as

If thepoint is consideredx ed,this formsa quadraticequationin the coordinate®f  whichrepresents
thetwo tangentdrom to theconic. If belongsto the conic, andthe equationof thetangents
becomes

whichis linearin the coefcients of . This meanshatthereis only onetangentto the conicata point of
theconic. Thistangent is thusrepresentedy :

(2.13)
Relation betweenconic and dual conic When variesalongthe conic, it satis es andthusthe
tangentline to theconicat satises . This shaows that the tangentsto a conic  are

belongingto adualconic (assuming is of full rank).

Transformation of a conic/dual conic The transformationrequationsfor conicsand dual conicsunder
ahomography canbe obtainedin a similar way to Section2.1.3. Using equationg2.5) and(2.7) the
following is obtained:

andthus

(2.14)
(2.15)

Obsenrethat(2.14)and(2.15)alsoimply that
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Quadric In projectve 3-space  similar conceptsxist. Thesearequadrics.A quadricis thelocusof
all points  satisfyinga homogeneouguadraticequation:
(2.16)

where isa symmetricmatrix only de ned upto scale.A quadricthusdepend®n nineindependent
parameters.

Dual quadric  Similarly, the dual conceptexists for planes.A dual quadricis the locusof all planes
satisfyingahomogeneouguadraticequation:

(2.17)

where isa symmetricmatrix only de ned up to scaleandthusalsodepend®n nineindependent
parameters.

Tangentto aquadric  Similarto equation(2.13),thetangentplane toaquadric throughapoint of
thequadricis obtainedas

(2.18)
Relation betweenquadric and dual quadric When variesalongthe quadric,it satis es and
thusthetangentplane to at satises . This shaws thatthe tangentplanesto a quadric

arebelongingto adualquadric (assuming is of full rank).

Transformation of aquadric/dual quadric Thetransformatiorequationgor quadricsanddualquadrics
underahomography canbeobtainedin asimilarway to Section2.1.3. Usingequationg2.8) and(2.9)
thefollowing is obtained

andthus

(2.19)
(2.20)

Obsene againthat

2.2 The strati cation of 3D geometry

Usuallytheworld is percevedasa Euclidean3D spaceln somecasege.g.startingfrom images)it is not
possibleor desirableto usethe full Euclideanstructureof 3D spacelt canbeinterestingto only dealwith
thelessstructuredandthussimplerprojective geometry Intermediatdayersareformedby the af ne and
metricgeometry Thesestructurecanbethoughtof asdifferentgeometricstratawhich canbe overlaidon
theworld. Thesimplestbeingprojective, thenaf ne, next metricand nally Euclidearstructure.

This conceptof strati cation is closelyrelatedto the groupsof transformationscting on geometric
entitiesandleaving invariantsomepropertieof con gurationsof theseslementsAttachedo theprojective
stratumis the group of projectie transformationsattachedo the afne stratumis the group of afne
transformationsattachedo the metric stratumis the group of similaritiesandattachedo the Euclidean
stratumis thegroupof Euclideartransformationslt is importantto noticethatthesegroupsaresubgroups
of eachother, e.g.themetricgroupis asubgroumf theaf ne groupandbotharesubgroup®f theprojective
group.

An importantaspectelatedto thesegroupsaretheir invariants. An invariantis a propertyof a con-

guration of geometricentitiesthat is not alteredby ary transformationbelongingto a speci ¢ group.
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Invariantsthereforecorrespondo the measurementhatonecando consideringa speci ¢ stratumof ge-
ometry Theseinvariantsareoftenrelatedto geometricentitieswhich stayunchanged- atleastasa whole
— underthe transformation®f a speci ¢ group. Theseentitiesplay animportantrole in partof this text.
Recoreringthemallows to upgradehe structureof the geometryto a higherlevel of the strati cation.

In the following paragraphshe differentstrataof geometryare discussed.The associatedjroupsof
transformationstheir invariantsand the correspondingnvariant structuresare presented. This idea of
strati cation canbefoundbackin [132] and[30].

2.2.1 Projective stratum

The rst stratumis theprojective one.lt is thelessstructurecdbneandhasthereforetheleastnumberof in-
variantsandthelargestgroupof transformationgssociatedith it. Thegroupof projectvetransformations
or collineationss the mostgeneralgroupof lineartransformations.

As seenin the previous chaptera projective transformatiorof 3D spacecanberepresentethy a
invertible matrix

(2.21)

This transformatiomrmatrix is only de ned up to a nonzeroscalefactorand hasthereforel5 degreesof
freedom.
Relationsof incidencecollinearityandtangeny areprojectively invariant. Thecross-ratids aninvari-
antpropertyunderprojective transformationsaswell. It is de ned asfollows: Assumethatthe four points
and arecollinear Thenthey canbe expresseds (assumenoneis coincident
with ). Thecross-ratids de ned as

(2.22)

The cross-ratids not dependingon the choiceof thereferencepoints and andis invariantunderthe
group of projective transformationof . A similar cross-ratioinvariantcan be derived for four lines
intersectingn a pointor four planesintersectingn acommonline.

Thecross-raticcanin factbe seerasthe coordinateof afourth pointin thebasisof the rst three,since
threepointsform a basisfor the projectve line . Similarly, two invariantscould be obtainedfor ve
coplanampoints;and,threeinvariantsfor six points,all in generaposition.

2.2.2 Afne stratum

Thenext stratumis theaf ne one.In thehierarchyof groupsit is locatedin betweerthe projective andthe
metricgroup. This stratumcontainsmorestructurethanthe projective one,but lessthanthe metricor the
Euclideanstrata. Af ne geometrydiffersfrom projectve geometryby identifying a specialplane,called
theplaneatin nity .

This planeis usuallyde ned by andthus . Theprojectve spacecanbeseenas
containingtheaf ne spaceunderthe mapping . Thisis aone-to-one
mapping. The plane in canbe seenascontainingthe limit pointsfor , Sincethese
pointsare — — — — . This planeis thereforecalledthe planeat in nity
Strictly speakingthis planeis not part of the af ne space the pointscontainedin it can't be expressed
throughthe usualnon-homogeneous-vectorcoordinatenotationusedfor af ne, metricandEuclidear3D
space.

An af ne transformatioris usuallypresentedsfollows:

with
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Usinghomogeneousoordinatesthis canberewritten asfollows with

(2.23)

An afne transformationcounts12 independentlegreesof freedom. It can easily be veri ed that this
transformatiorieavesthe planeat in nity unchangedi.e. or ). Note,
however, thatthe positionof pointsin the planeatin nity canchangeunderanafne transformationput
thatall thesepointsstaywithin theplane

All projective propertiesarea fortiori af ne properties.For the (morerestrictve) af ne groupparal-
lelismis addedasa new invariantproperty Linesor planeshaving their intersectiorin theplaneatin nity
arecalledparallel. A new invariantpropertyfor this groupis theratio of lengthsalonga certaindirection
Notethatthis is equivalentto a cross-ratiovith oneof the pointsatin nity .

From projectiveto af ne  Up to now it wasassumedhatthesedifferentstratacouldsimply be overlaid
ontoeachother assuminghatthe planeatin nity is atits canonicalposition(i.e. ). This
is easyto achierze whenstartingfrom a EuclidearrepresentationStartingfrom a projective representation,
however, the structureis only determinedup to an arbitraryprojective transformation As wasseenthese
transformationslo—in general notleave theplaneatin nity unchanged.

Therefore,in a speci c projective representationthe planeatin nity canbe arywhere. In this case
upgradingthe geometricstructurefrom projective to af ne impliesthatone rst hasto nd the positionof
theplaneatin nity in the particularprojective representationnderconsideration.

This canbe donewhensomeaf ne propertiesof the sceneareknown. Sinceparallellinesor planes
areintersectingn the planeatin nity , this givesconstrainton the positionof this plane.In Figure2.1a
projectiverepresentationf acubeis given. Knowing thisis acube threevanishingpointscanbeidenti ed.
Theplaneatin nity is the planecontainingthese3 vanishingpoints.

Ratiosof lengthsalonga line de ne the pointatin nity of thatline. In this casethepoints ,
andthecross-ratio areknown, thereforethepoint ~ canbecomputed.

Oncethe planeatin nity is known, onecanupgradehe projective representatioto anaf ne one
by applyinga transformationwhich bringsthe planeatin nity to its canonicalposition. Basedon (2.9)
this equatiorshouldthereforesatisfy

or (2.24)
Thisdetermineshefourthrow of . Since,atthislevel, theotherelementsrenotconstrainediheobvious
choicefor thetransformatioris thefollowing

(2.25)

with the rst 3 elementof whenthelastelementis scaledto 1. It is importantto note,however,
thatevery transformatiorof theform

with (2.26)
maps to

2.2.3 Metric stratum

Themetricstratumcorrespondso thegroupof similarities. Theseransformationsorrespondo Euclidean
transformationgi.e. orthonormaltransformation+ translation)complementedvith a scaling. Whenno
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Figure 2.1: Projective(left) and af ne (right) structueswhich are equivalentto a cubeundertheir re-
spectiveambiguities. The vanishingpoints obtainedfrom lines which are parallel in the af ne stratum
constain the positionof the planeatin nity in the projectiverepresentationThiscanbe usedto upgrade
thegeometricstructure fromprojectiveto af ne.

absoluteyardstickis available, this is the highestlevel of geometricstructurethat canbe retrieved from
images. Inversely this propertyis crucial for specialeffectssinceit enableghe possibility to usescale
modelsin movies.

A metrictransformatiorcanberepresentedsfollows:

(2.27)

with  thecoefcients of anorthonormalmatrix. The coefcients  arerelatedby 6 independenton-

straints with  theKronecler deltal. This correspondso
the matrix relationthat andthus . Recallthat is arotationmatrix if
andonly if anddet . In particular anorthonormalmatrix only has3 degreesof freedom.
Usinghomogeneousoordinates(2.27)canberewritten as , with

(2.28)

A metrictransformatiorthereforecounts7 independentiegreesof freedom,3 for orientation,3 for trans-
lationand1 for scale.

In this casetherearetwo importantnew invariantproperties:relativelengthsandangles Similar to
theaf ne casethesenew invariantpropertiesarerelatedto aninvariantgeometricentity. Besidedeaving
theplaneatin nity unchangedimilarity transformationslsotransformaspeci c conicinto itself, i.e. the

for

1TheKronecler deltais de®nedasfollows for
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Figure2.2: Theabsoluteconic andtheabsolutedualquadric  in 3D space

Figure2.3: Theabsoluteconic and dual absoluteconic representedn the purely imaginary part
of theplaneatin nity

absoluteconic. This geometricconceptis moreabstracthanthe planeatin nity . It couldbe seenasan
imaginarycircle locatedin the planeatin nity . In this text the absoluteconicis denotedby . It is often
more practicalto representhis entity in 3D spaceby its dualentity . Whenonly the planeatin nity
is underconsideration, and are usedto representhe absoluteconic andthe dual absoluteconic
(theseare 2D entities). Figure 2.2 andFigure 2.3 illustratetheseconcepts. The canonicalform for the
absoluteconic is:

and (2.29)

Note thattwo equationsare neededo representhis entity. The associatediual entity, the absolutedual
qguadric , however, canberepresentedsasinglequadric. Thecanonicaform is:

(2.30)
Notethat isthenull spaceof . Let bea pointof theplaneatin nity ,
thenthatpointin theplaneatin nity is easilyparameterizeds . In this casetheabsolute
coniccanberepresentedsa 2D conic:
and (2.31)
Accordingto (2.28),applyinga similarity transformatiorto resultsin . Using

equationg2.14),(2.15and(2.20),it cannow beveri ed thatasimilarity transformatiodeavestheabsolute
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Figure 2.4: Afne (left) and metric (right) representationof a cube Theright anglesand the identical
lengthsin thedifferentdirectionsof a cubegive enoughinformationto upgradethe structure fromaf ne to
metric.

conicandits associate@ntitiesunchanged:

(2.32)

and
(2.33)

Inverselyit is easyto provethattheprojective transformationsvhich leave theabsoluteguadricunchanged
form the groupof similarity transformationgthe samecould be donefor the absoluteconicandthe plane
atin nity):

Therefore and which areexactly the constraintdor a similarity transformation.

AnglescanbemeasuredisingLaguerresformula(seefor example[132]). Assumetwo directionsare
characterizethy theirvanishingpoints and intheplaneatin nity (i.e.theintersectiorof aline with the
planeatin nity indicatingthe direction). Computethe intersectionpoints and betweerthe absolute
conicandtheline throughthe two vanishingpoints. The following formulabasedon the cross-ratichen
givesthe angle(with )

_ (2.34)
For two orthogonaplanes and thefollowing equationmustbe satis ed:
(2.35)

From projective or af ne to metric In somecasest is neededo upgradethe projective or af ne rep-
resentatiorto metric. This canbe doneby retrieving the absoluteconic or oneof its associateentities.
Sincetheconicis locatedin theplaneatin nity , it is easietto retrieve it oncethis planehasbeenidenti ed
(i.e.theaf ne structurehasbeenrecovered). It is, however, possibleto retrieve both entitiesat the same
time. Theabsolutequadric  is especiallysuitedfor this purposesinceit encodedothentitiesatonce.

Everyknown angleor ratio of lengthsimposesa constrainon theabsoluteconic. If enoughconstraints
areathand,the coniccanuniquelybe determinedln Figure2.4thecubeof Figure2.1is furtherupgraded
to metric (i.e. the cubeis transformedso that obtainedanglesare orthogonalandthe sidesall have equal
length).

Oncetheabsoluteconichasbeenidenti ed, the geometrycanbe upgradedrom projective or af ne to
metricby bringingit to its canonicalmetric) position.In Section2.2.2theprocedurdo go from projective
to af ne wasexplained. Thereforewe canrestrictourseheshereto the upgradefrom af ne to metric. In
this casetheremustbe anaf ne transformatiorwhich bringsthe absoluteconicto its canonicalposition;
or, inverselyfrom its canonicapositionto its actualpositionin theaf ne representationCombining(2.23)
and(2.20)yields

(2.36)
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Underthesecircumstancethe absoluteconicandits dualhave the following form (assuminghe standard
parameterizatioof theplaneatin nity , i.e. ):

and (2.37)

Onepossiblechoicefor thetransformatiorto upgradefrom af ne to metricis
(2.38)

whereavalid canbeobtainedrom by Cholesly factorizationor by singularvaluedecomposition.
Combining(2.25)and(2.38)thefollowing transformatioris obtainedto upgradethe geometryfrom pro-
jective to metricatonce

(2.39)

2.2.4 Euclideanstratum

For the sale of completenesskEuclideangeometryis brie y discussed. It doesnot differ much from
metric geometryas we have de ned it here. The differenceis that the scaleis x ed andthat therefore
not only relative lengths but absolutdengthscanbe measuredEuclideantransformationfiave 6 degrees
of freedom 3 for orientationand3 for translation. A Euclideartransformatiorhasthe following form

(2.40)

with  representinghe coefcients of anorthonormalmatrix, asdescribedpreviously. If  is arotation
matrix (i.e. det ) then,this transformatiorrepresents rigid motionin space.

2.2.5 Overview of the differ ent strata

The propertiesof the differentstrataarebrie y summarizedn Table2.1. The differentgeometricstrata
arepresentedThe numberof degreesof freedom transformationsindthe speci ¢ invariantsaregivenfor
eachstratum. Figure 2.5 givesan exampleof an objectwhich is equivalentto a cubeunderthe different
geometricambiguities Notefrom the gure thatfor purpose®f visualizationat leasta metriclevel should
bereachedi.e. is percevedasacube).

2.3 Conclusion

In this chaptersomeconceptsof projective geometrywere presented.Thesewill allow us, in the next
chapterto describedheprojectionfrom ascendnto animageandto understandheintricaterelationships
which relatemultiple views of ascene Basedon theseconceptsnethodsanbe concevedthatinversethis
processandobtain3D reconstructionsf the obsenedscenesThis is the main subjectof this text.



2.3. CONCLUSION

19

| ambiguity | DOF | transformation invariants

projective
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Table 2.1: Numberof degreesof freedom transformationsand invariants correspondingo the different

geometricstrata (the coefcients

formorthonormalmatrices)
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Metric
(similarity)
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Euclidean
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Figure2.5: Shapesvhich are equivalento a cubefor the differentgeometricambiguities
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Chapter 3

Cameramodel and multiple view
geometry

Beforediscussinchow 3D informationcanbe obtainedfrom imagesit is importantto know how images
areformed.First,thecameramodelis introducedandthensomeimportantrelationshipetweermmultiple
views of a scenearepresented.

3.1 The cameramodel

In this work the perspectie cameramodelis used. This correspondgo an ideal pinhole camera. The
geometrigprocesdor imageformationin a pinholecamerahasbeennicely illustratedby Durer (seeFig-
ure 3.1). The processs completelydeterminedoy choosinga perspectie projectioncenteranda retinal
plane. The projectionof a scenepoint is thenobtainedasthe intersectionof a line passingthroughthis
pointandthe centerof projection with theretinalplane

Most camerasredescribedelatively well by this model. In somecasesadditionaleffects(e.g.radial
distortion)have to betakeninto account(seeSection3.1.5).

3.1.1 A simplemodel

In the simplestcasewherethe projectioncenteris placedat the origin of the world frameandthe image

planeis theplane , the projectionprocesanbe modeledasfollows:
— — (3.1)
For aworld point andthe correspondingmagepoint . Usingthe homogeneourepresen-
tationof thepointsalinear projectionequationis obtained:
(3.2)

This projectionis illustratedin Figure3.2. The opticalaxis passeshroughthecenterof projection andis
orthogonato theretinalplane . It'sintersectiorwith theretinalplaneis de ned astheprincipalpoint .

3.1.2 Intrinsic calibration

With anactualcamerahefocallength (i.e. the distancebetweerthe centerof projectionandtheretinal
plane)will bedifferentfrom 1, the coordinate®f equation(3.2) shouldthereforebe scaledwith  to take
thisinto account.

21
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Figure3.1: Man Drawinga Lute (TheDraughtsmarof the Lute), woodcutl525,Albrecht Dirrer.

optical axis

v

Figure3.2: Perspectiveprojection
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Figure3.3: Fromretinal coordinatesto image coorinates
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In additionthe coordinatesn the imagedo not correspondo the physicalcoordinatesn the retinal
plane.With a CCD cameraherelationbetweerbothdepend®n the sizeandshapeof the pixelsandof the
positionof the CCD chip in thecameraWith a standardghotocamerat depend®n the scanningorocess
throughwhich theimagesaredigitized.

Thetransformations illustratedin Figure3.3. Theimagecoordinatesreobtainedthroughthefollow-
ing equations:

where and arethewidth andthe heightof the pixels, is theprincipalpointand the
skew angleasindicatedin Figure 3.3. Sinceonly theratios — and — areof importancethe simpli ed
notationsof thefollowing equationwill be usedin theremaindeof this text:

(3.3)

with  and beingthefocallengthmeasuredh width andheightof thepixels,and afactoraccounting
for the skew dueto non-rectangulapixels. The abose uppertriangularmatrix is calledthe calibration
matrix of the camera;andthe notation  will be usedfor it. So, the following equationdescribeghe
transformatiorfrom retinalcoordinate$o imagecoordinates.

(3.4)

For mostcameraghepixelsarealmostperfectlyrectangulaendthus is very closeto zero.Furthermore,
theprincipalpointis oftencloseto the centerof theimage. Theseassumptionsanoftenbe used certainly
to getasuitableinitialization for morecomplex iterative estimatiorprocedures.

For acamerawith x edopticstheseparameterareidenticalfor all theimagestakenwith the camera.
For camerasvhich have zoomingandfocusingcapabilitieghefocal lengthcanobviously changeput also
the principal point canvary. An extensve discussiorof this subjectcanfor examplebefoundin thework
of Willson [173, 171, 172, 174].

3.1.3 Cameramotion

Motion of scenegpointscanbe modeledasfollows

(3.5)

with  arotationmatrix and atranslationvector
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Themotionof thecameras equialentto aninversemotionof thesceneandcanthereforebemodeled
as

(3.6)

with and indicatingthe motionof thecamera.

3.1.4 The projection matrix

Combiningequationq3.2), (3.3) and (3.6) the following expressionis obtainedfor a camerawith some
speci c intrinsic calibrationandwith a speci ¢ positionandorientation:

which canbesimpli ed to
- (3.7)

oreven
(3.8)

The matrix is calledthe camen projectionmatrix.
Using (3.8) the plane correspondingo a back-projectedmageline can also be obtained: Since

(3.9)

Thetransformatiorequationfor projectionmatricescanbe obtainedasdescribedn paragrapt2.1.3.If the
pointsof a calibrationgrid aretransformeddy the sametransformatiorasthe cameratheirimagepoints
shouldstaythe same:

(3.10)

andthus
(3.11)

Theprojectionof theoutlineof agquadriccanalsobeobtained.Foraline in animageto betangento the
projectionof the outline of a quadric,the correspondingplaneshouldbe on the dual quadric. Substituting
equation(3.9) in (2.17)the following constraint is obtainedfor to betangentto the
outline. Comparingthis resultwith the de nition of a conic (2.10), the following projectionequationis
obtainedfor quadricg(this resultscanalsobefoundin [65]). :

(3.12)

Relation betweenprojection matrices and imagehomographies

The homographieshatwill be discussedereare collineationsfrom . A homography de-
scribesthe transformatiorfrom oneplaneto another A numberof specialcasesareof interest,sincethe
imageis alsoa plane. The projectionof pointsof a planeinto animage canbedescribedhrougha ho-
mography . Thematrixrepresentatioof thishomographys dependenbn the choiceof theprojective
basisin theplane.

As animageis obtainedby perspectie projection,therelationbetweerpoints  belongingto aplane

in 3D spaceandtheir projections  in the imageis mathematicallyexpressedy a homography

Thematrix of thishomographys foundasfollows. If theplane is givenby andthe point
of isrepresenteds ,then belongsto if andonlyif . Hence,

(3.13)



3.1. THE CAMERA MODEL 25

Now, if the camergprojectionmatrixis , thentheprojection of ontotheimageis
(3.14)
Consequently
Notethatfor thespeci c plane thehomographiesresimply givenby

It is alsopossibleto de ne homographiesvhich describethe transferfrom oneimageto the otherfor
pointsandothergeometricentitieslocatedon a speci ¢ plane. The notation will be usedto describe
sucha homographyfrom view to for aplane . Thesehomographiesan be obtainedthroughthe

following relation andareindependento reparameterizatiorsf the plane(andthusalso
to achangeof basisin ).

In themetricandEuclideancase, andtheplaneatin nity is . In thiscase,
thehomographieor theplaneatin nity canthusbewrittenas:

(3.15)
where is therotationmatrix thatdescribegherelative orientationfromthe ~ camerawith
respectopthe one.

In the projective andafne case,onecanassumehat (sincein thiscase is un-
known). In thatcasethehomographies for all planes;andthus, . Therefore
canbefactorizedas

(3.16)
where is the projectionof the centerof projectionof the rst camergin this case, ) in image

. Thispoint s calledtheepipole for reasonsvhichwill becomeclearin Section3.2.1.

Notethatthis equatiorcanbeusedto obtain and from ,butthatduetotheunknovnrelative
scalefactors  can,in generalhot be obtainedfrom and . Obsenre alsothat,in theafne case
(where ), thisyields

Combiningequationg3.14)and(3.16), oneobtalns

(3.17)
This equationgivesan importantrelationshipbetweenthe homographiegor all possibleplanes.Homo-
graphiescanonly differ by aterm . This meanghatin the projective casethe homographies
for theplaneatin nity areknown upto 3 commonparametergi.e. thecoefcients of in theprojective
space).

Equation(3.16)alsoleadsto aninterestingnterpretatiorof the camergprojectionmatrix:

(3.18)

(3.19)

(3.20)
In otherwords,a point canthusbe parameterizedsbeingon theline throughthe optical centerof the rst

camerdi.e. ) andapointin thereferencelane . Thisinterpretationis illustratedin Figure3.4.

3.1.5 Deviations from the cameramodel

The perspectie cameramodel describegelatively well the imageformation processfor mostcameras.
However, whenhigh accurag is requiredor whenlow-endcamerasreused,additionaleffectshave to be
takeninto account.
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Figure3.4: A point canbe parameterizedas . Its projectionin anotherimage canthenbe
obtainedby transferring  accoding to (i.e. with ) to image and applyingthe samelinear

combinatiorwith the projection  of  (i.e. ).

Thefailuresof the optical systemto bring all light raysreceied from a point objectto a singleimage
pointor to a prescribedyeometricpositionshouldthenbetakeninto account.Thesedeviationsarecalled
aberrations.Marny typesof aberrationsxist (e.g. astigmatismchromaticaberrationssphericalaberra-
tions, comaaberrationscurvatureof eld aberratioranddistortionaberration).lt is outsidethe scopeof
this work to discussthemall. The interestedreaderis referredto the work of Willson [173] andto the
photogrammetrjiterature[137].

Many of theseeffectsare nggligible undernormalacquisitioncircumstancesRadialdistortion, how-
ever, canhave a noticeableeffect for shorterfocal lengths. Radial distortionis a linear displacemenbof
imagepointsradially to or from the centerof theimage,causedy thefactthatobjectsat differentangular
distancerom thelensaxisundegodifferentmagni cations.

It is possibleto cancelmostof this effect by warpingtheimage. The coordinatesn undistortedmage
planecoordinates canbe obtainedfrom the obsenedimagecoordinates by the following
equation:

(3.21)

where and arethe rst andsecondharametersf theradialdistortionand

Note thatit cansometimeshe necessaryo allow the centerof radial distortionto be differentfrom the
principal point[174].

Whenthefocal lengthof the camerachangegthroughzoomor focus)the parameters  and  will
alsovary. In a rst approximatiorthis canbe modeledasfollows:

(3.22)

Dueto thechangesn thelenssystenthisis only anapproximationgxceptfor digital zoomswhere(3.22)
shouldbe exactly satis ed.
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Figure 3.5: Correspondencéetweertwo views. Evenwhenthe exact position of the 3D point  corre-
spondingto theimage point is not known,it hasto beontheline through which intersectstheimage
planein . Sincethis line projectsto theline in the otherimage, the correspondingpoint  shouldbe
locatedon this line. More geneally, all the pointslocatedonthe planede nedby , and havetheir
projectionon and

3.2 Multi view geometry

Differentviews of a sceneare not unrelated. Several relationshipsexist betweentwo, threeor moreim-
ages.Thesearevery importantfor the calibrationandreconstructiofrom images.Many insightsin these
relationshipdave beenobtainedn recentyears.

3.2.1 Two view geometry

In this sectionthe following questionwill be addressedGivenan image pointin oneimage, doesthis
restrictthe positionof the correspondingmage pointin anotherimage? It turnsout thatit doesandthat
this relationshipcanbe obtainedrom the calibrationor evenfrom a setof prior point correspondences.

Althoughtheexactpositionof thesceneoint is notknown, it is boundto beontheline of sightof the
correspondingmagepoint . This line canbe projectedin anotheimageandthe correspondingpoint
is boundto beonthisprojectedine . Thisisillustratedin Figure3.5. In factall thepointsontheplane
de ned by thetwo projectioncentersand havetheirimageon . Similarly, all thesepointsareprojected
onaline inthe rst image. and aresaidto bein epipolarcorrespondencé.e. the corresponding
pointof every pointon islocatedon , andviceversa).

Every planepassinghroughboth centersof projection and resultsin sucha setof corresponding
epipolarlines,ascanbeseenn Figure3.6. All thesdinespassthroughtwo speci ¢ points and . These
pointsarecalledthe epipoles andthey arethe projectionof the centerof projectionin the oppositeimage.

This epipolargeometrycanalsobe expressednathematicallyThefactthatapoint isonaline can

beexpresseds . Theline passingrough andtheepipole is
(3.23)
with theantisymmetric matrix representinghe vectorialproductwith
From (3.9) the plane correspondindo is easilyobtainedas andsimilarly
Combiningtheseequationgyives:
(3.24)
with  indicating the Moore-Penrosg@seudo-inerse. The notation is inspiredby equation(2.7).

Substituting(3.23)in (3.24)resultsin
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Figure3.6: Epipolar geometry Theline connecting and de nesa bundleof planes.For every oneof
theseplanesa correspondindine canbefoundin eadimage, e.g. for theseare and . All 3D points
locatedin projecton and andthusall pointson havetheir correspondingpointon  andvice
versa. Thesdinesare saidto bein epipolarcorrespondenceAll theseepipolarlinesmustpassthrough
or ,whicharetheintersectionpointsoftheline  withtheretinalplanes and respectivelyThese
pointsare calledtheepipoles.

De ning , We obtain
(3.25)

andthus,
(3.26)

This matrix is calledthe fundamentaimatrix. Theseconceptswereintroducedby Faugerag31] and
Hartley [46]. Sincethenmary peoplehave studiedthe propertiesof this matrix (e.g.[82, 83]) andalot of
effort hasbeenputin robustly obtainingthis matrix from a pair of uncalibratedmageg153, 154, 177.
Having thecalibration, canbecomputedandaconstrainis obtainedor correspondingoints.When
the calibrationis notknown equation(3.26) canbe usedto computethe fundamentamatrix . Every pair

of correspondingointsgivesoneconstrainbn . Since isa matrix which is only determinedup
to scalejit has unknowns. ThereforeB pairsof correspondingpointsaresufcient to compute
with alinearalgorithm.

Notefrom (3.25)that , because . Thus,rank . Thisis anadditionalconstraint

on andtherefore? point correspondencesmresufcient to compute throughanonlinearalgorithm. In
Sectiond.2therobustcomputatiorof thefundamentamatrix from imageswill bediscussed moredetail.

Relation betweenthe fundamental matrix and imagehomographies

Therealsoexists animportantrelationshipbetweerthe homographies  andthe fundamentamatrices
. Let beapointinimage . Then is the correspondingpoint for theplane inimage .
Therefore, islocatedonthecorrespondingpipolarline; and,

(3.27)
shouldbe veri ed. Moreover, equation(3.27) holds for every imagepoint . Sincethe fundamental
matrix mapspointsto correspondingpipolarlines, andequation(3.27)is equialentto

. Comparinghis equationwith , andusingthattheseequationsnusthold

for allimagepoints and lying on correspondingpipolarlines, it follows that:

(3.28)
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Let bealineinimage andlet betheplaneobtainedby back-projecting intospacelf isthe
imageof a pointof this planeprojectedn image , thenthecorrespondingointin image mustbelocated
on the correspondingepipolarline (i.e. ). Sincethis pointis alsolocatedon theline it canbe
uniquelydeterminedastheintersectiorof both (if thesdinesarenot coinciding): . Therefore,
thehomography s givenby . Notethat, sincetheimageof theplane is alinein image ,
this homographys not of full rank. An obviouschoiceto avoid coincidenceof ~ with theepipolarlines,
is sincethis line doescertainlynot containthe epipole(i.e. ). Consequently

(3.29)

correspondso the homographyof a plane.By combiningthis resultwith equationg3.16)and(3.17)one
canconcludethatit is alwayspossibleto write the projectionmatricesfor two views as

(3.30)

Notethatthisis animportantresult,sinceit meanghata projective camerasetupcanbe obtainedrom the
fundamentainatrixwhich canbecomputedrom 7 or morematchedetweertwo views. Notealsothatthis
equationhas4 degreesof freedom(i.e. the 3 coefcients of andthe arbitraryrelative scalebetween
and ). Thereforethis equationcanonly be usedto instantiatea new frame(i.e. anarbitraryprojective
representationf the scenelandnot to obtainthe projectionmatricesfor all the views of a sequencdi.e.
compute ). How this canbedoneis explainedin Section5.2.

3.2.2 Threeview geometry

Consideringhreeviewsit is, of course possibleo groupthemin pairsandto getthetwo view relationships
introducedn thelastsection.Usingthesepairwiseepipolarrelations the projectionof a pointin thethird
imagecanbe predictedfrom the coordinatesn the rst two images.Thisis illustratedin Figure3.7. The
point in the third imageis determinedasthe intersectionof the two epipolarlines. This computation,
however, is not alwaysvery well conditioned Whenthe pointis locatedin thetrifocal plane(i.e. theplane
goingthroughthethreecenterof projection),it is completelyundetermined.

Fortunately thereare additionalconstraintsbetweenthe imagesof a pointin threeviews. Whenthe
centersof projectionarenot coinciding,a point canalwaysbe reconstructedrom two views. This point
thenprojectsto a uniquepointin thethird image,ascanbe seenin Figure3.7,evenwhenthis pointis lo-
catedin thetrifocal plane.For two views, no constrainis availableto restrictthe positionof corresponding
lines. Indeed back-projecting line formsa plane,the intersectionof two planesalwaysresultsin aline.
Therefore,no constraintcanbe obtainedfrom this. But, having threeviews, the imageof theline in the
third view canbepredictedromiits locationin the rst twoimagesascanbeseenn Figure3.8. Similarto
whatwasderivedfor two views, therearemulti linearrelationshipselatingthe positionsof pointsand/or
linesin threeimageq140]. Thecoefcients of thesemulti linearrelationshipsanbeorganizedn atensor
which describeghe relationshipsbetweenpoints [135] and lines[49] or ary combinationthereof[51].
Severalresearcherbave worked on methodgso computethetrifocal tensor(e.g.se€[151, 152).

Thetrifocaltensor isa tensor It contain®27 parameterspnly 18 of whichareindependent
dueto additionalnonlinearconstraints. The trilinear relationshipfor a point is given by the following
equationt:

(3.31)

Any triplet of correspondingpointsshouldsatisfythis constraint.
A similar constraintappliesfor lines. Any triplet of correspondindinesshouldsatisfy:

1TheEinsteincorventionis used(i.e. indicesthatarerepeateghouldbe summecdbver).
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Figure 3.7: Relationbetweerthe image of a point in threeviews. Theepipolarlines of points and
couldbeusedto obtain . Thisdoes howerer, notexhaustall therelationsbetweerthethreeimages. For
a point locatedin the trifocal plane(i.e. the planede ned by and ) this would not give a unique
solution, althoughthe 3D point could still be obtainedfrom its image in the r st two views and thenbe
projectedto . Therefore, onecanconcludethatin thethreeview casenotall theinformationis described
by the epipolargeometry Theseadditionalrelationshipsare describedoy thetrifocal tensor

Figure3.8: Relationbetweerntheimage of a line in threeimages. Whilein thetwo view caseno constaints
are availablefor lines,in the threeview caseit is also possibleto predictthe positionof a line in a third
image fromits projectionin the othertwo. Thistransferis alsodescribeddy thetrifocal tensor
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3.2.3 Multi view geometry

Many peoplehave beenstudyingmulti view relationshipg59, 156, 34]. Without going into detail we
would like to give someintuitive insightsto the reader For a morein depthdiscussionthe readeris

referredto [88].
An imagepoint has2 degreesof freedom. But imagesof a 3D pointdo nothave  degreesof
freedom,but only 3. So,theremustbe independentonstraintsbetweernthem. For lines, which

alsohave 2 degreesof freedomin the image,but 4 in 3D space, imagesof aline mustsatisfy
constraints.

Somemorepropertieof theseconstraintsareexplainedhere. A line canbeback-projectednto space
linearly (3.9). A point canbe seenasthe intersectionof two lines. To correspondo a real point or line
the planesresultingfrom the backprojectionmustall intersectin a single point or line. This is easily
expressedn termsof determinantsi.e. for pointsandthatall the subdeterminants
of shouldbe zerofor lines. This explainswhy the constraintsare multi linear, sincethis is a
propertyof columnsof a determinant.In additionno constraintscombiningmorethan4 imagesexist,
sincewith 4-vectors(i.e. the representationf the planes)maximum determinantganbe obtained.
The twofocal (i.e. the fundamentamatrix) and the trifocal tensorshave beendiscussedn the previous
paragraphstecentlyHartley [54] proposedan algorithmfor the practicalcomputationof the quadrifocal
tensor

3.3 Conclusion

In this chaptersomeimportantconceptsvereintroduced. A geometricdescriptionof theimageformation
proceswasgivenandthe camergrojectionmatrixwasintroduced.Someimportantrelationshipbetween
multiple views werealsoderived. Theinsightsobtainedby carefully studyingthesepropertieshave shavn

thatit is possibleto retrieve arelative calibrationof atwo view camerasetupfrom pointmatcheonly. This

is animportantresultwhich will be exploited further on to obtaina 3D reconstructiorstartingfrom the

images.
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Chapter 4

Relating images

Startingfrom a collection of imagesor a video sequencehe rst stepconsistsin relating the different
imagesto eachother Thisis notaeasyproblem.A restrictednumberof correspondingointsis sufcient
to determinghe geometricrelationshipor multi-view constaints betweertheimages.Sincenotall points
areequallysuitedfor matchingor tracking(e.g. apixel in ahomogeneousegion), the rst stepconsistof
selectinga numberof interestingpointsor feature points Someapproachealsouseotherfeaturessuchas
linesor curves,but thesewill notbediscussedhere.Dependingonthetypeof imagedata(i.e. videoor still
pictures)thefeaturepointsaretrackedor matchedanda numberof potentialcorrespondenceseobtained.
From thesethe multi-view constraintscanbe computed. However, sincethe correspondencproblemis
anill-posed problem,the setof correspondingoints canbe contaminatedvith an importantnumberof
wrongmatcher outliers. In this case atraditionalleast-squareapproactwill fail andthereforearobust
methods neededOncethe multi-view constrainthave beenobtainedhey canbeusedto guidethesearch
for additionalcorrespondencesThesecanthenbe usedto further re ne the resultsfor the multi-view
constraints.

4.1 Feature extraction and matching

Before discussinghe extraction of featurepointsit is necessaryo have a measurdgo comparepartsof
images. The extractionand matchingof featuresis basedon thesemeasures Besidesthe simple point
featurea moreadwancedype of featureis alsopresented.

4.1.1 Comparing imageregions

Imageregionsaretypically comparedisingsum-of-square-di€rence$SSD)or normalizeccross-correlation
(NCC).Considermwindow inimage andacorrespondingegion inimage . Thedissimilarity
betweertwo imageregionsbasedn SSDis givenby

4.1)
where is a weightingfunctionthatis de ned over W. Typically, or it is a Gaussian.
Thesimilarity measurdetweertwo imageregionshasedon NCCis givenby

4.2
with and the meanimageintensityin the considered

region. Notethatthis lastmeasures invariantto globalintensityandcontrastthange®ver the considered
regions.

33



34 CHAPTER4. RELATING IMAGES

Figure4.1: Two imageswith extractedcorners

4.1.2 Feature point extraction

Oneof themostimportantrequirements$or afeaturepointis thatit canbedifferentiatedrom its neighbor
ingimagepoints.If thiswerenotthecasejt wouldn't bepossibleo matchit uniquelywith acorresponding
pointin anotherimage. Therefore the neighborhoodf afeatureshouldbe sufciently differentfrom the
neighborhoodsbtainedaftera smalldisplacement.

A secondrderapproximatiorof thedissimilarity, asde nedin Eq.(4.1), betweeraimagewindow
andaslightly translatedmagewindow is givenby

with — - (4.3)

To ensurethat no displacemenexists for which  is small, the eigervaluesof ~ shouldboth be large.
This canbe achieved by enforcinga minimal value for the smallesteigervalue[136] or alternatvely for
thefollowing cornerresponsdunction trace [45] where is aparametesetto 0.04
(a suggestiorof Harris). In the caseof trackingthis is sufcient to ensurethat featurescan be tracked
from onevideoframeto the next. In this caseit is naturalto usethetrackingneighborhoodo evaluatethe
quality of afeature(e.g.a window with ). Trackingitself is doneby minimizing Eq.4.1
over the parameter®f . For small stepsa translationis sufcient for . To evaluatethe accumulated
differencefrom the startof thetrackit is advisedo useanaf ne motionmodel.

In the caseof separatdramesasobtainedwith a still camerathereis the additionalrequirementhat
as muchimage points originating from the same3D pointsas possibleshouldbe extracted. Therefore,
only local maximaof the cornerresponsdunction are consideredas features. Sub-pixel precisioncan
be achieved throughquadraticapproximatiorof the neighborhoodf thelocal maxima. A typical choice
for in this caseis a Gaussiarnwith . Matchingis typically doneby comparingsmall, e.g.

, windows centeredaroundthefeaturethroughSSDor NCC. This measures only invariantto image
translationsaandcanthereforenot copewith too largevariationsin camergpose.

To matchimagesthat are more widely separatedit is requiredto copewith a larger setof image
variations.Exhaustve searchoverall possiblevariationss computationallyuntractable A moreinteresting
approactronsistf extractinga morecomplec featurethatnot only determineghe position,but alsothe
otherunknovnsof alocal af ne transformatiorj164] (seeSection4.1.3).

In practiceoftenfartoo muchcornersareextracted.In this caseit is ofteninterestingo rst restrictthe
numberof cornersbeforetrying to matchthem.Onepossibilityconsistof only selectinghecornerswith
avalue above a certainthreshold.This thresholdcanbe tunedto yield the desirednumberof features.
Sincefor somescenesnostof the strongestornersarelocatedin the samearea,it canbe interestingto
re ne thisschemdurtherto ensurehatin every partof theimagea suf cient numberof cornersarefound.

In gure 4.1two imagesareshaovn with the extractedcorners.Notethatit is not possibleto nd the
correspondingornerfor eachcorner but thatfor mary of themit is.
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Figure4.2: Detail of theimagesof gure 4.1with 5 correspondingorners.

A
o i

Figure4.3: Local neighborhoodsf the 5 cornersof gure 4.2.

In gure 4.2correspondingartsof two imagesareshowvn. In eachthepositionof 5 cornerssindicated.
In gure 4.3 the neighborhoodf eachof thesecornersis showvn. The intensity cross-correlatiorwas
computedfor every possiblecombination. This is shovn in Table4.1. It canbe seenthatin this case
the correctpair matchesall yield the highestcross-correlatiorvalues(i.e. highestvalueson diagonal).
However, the combination2-5, for example,comesvery closeto 2-2. In practice,onecan certainly not
rely on the fact that all matcheswill be correctand automaticmatchingprocedureshouldthereforebe
ableto dealwith importantfraction of outliers. Therefore further on robustmatchingproceduresvill be
introduced.

If one can assumethat the motion betweentwo imagesis small (which is neededarnyway for the
intensitycross-correlatiomeasureo yield goodresults) thelocationof thefeaturecannot changewidely
betweerntwo consecutie views. This canthereforebe usedto reducethe combinatoriacompleity of the

0.9639 -0.3994 -0.1627 -0.3868 0.1914
-0.0533 0.7503 -0.4677 0.5115 0.7193
-0.1826 -0.3905 0.7730 0.1475 -0.7457
-0.2724 0.4878 0.1640 0.7862 0.2077
0.0835 0.5044 -0.4541 0.2802 0.9876

Table4.1: Intensity cross-correlatiowvaluesfor all possiblecombinationsof the 5 cornersindicated g-
ure4.2.
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Y

Figure 4.4: Basedon the edgesin the neighborhoodf a cornerpoint an af nely invariantregion is
determinedup to two parameters and

matching.Only featureswith similar coordinatesn bothimageswill be comparedFor acornerlocatedat
, only the cornersof the otherimagewith coordinatesocatedin theinterval
and aretypically or of theimage.

4.1.3 Matching using af nely invariant regions

Onecannotethatthe similarity measureresentedn the previous sectionis only invariantto translation
andoffsetsin theintensityvalues.If importantrotationor scalingtakesplacethe similarity measurés not
appropriate Thesames truewhenthelighting conditionsdiffer too much. Thereforethe cross-correlation
basedapproactkcanonly be usedbetweerimagesfor which the camergoosesarenottoo far apart.

In thissectionamoreadvancedmatchingprocedures presentedhatcandealwith muchlargerchanges
in viewpointandillumination [164, 163. As shouldbeclearfrom the previousdiscussionit is important
that pixels correspondindo the samepart of the surfaceare usedfor comparisonduring matching. By
assuminghatthe surfaceis locally planarandthatthereis no perspectie distortion,local transformations
of pixelsfrom oneimageto the otheraredescribedy 2D af ne transformationsSucha transformations
de ned by threepoints. At this level we only have one,i.e. the cornerunderconsiderationandtherefore
needtwo more. Theideais to go look for themalongedgeswhich passthroughthe point of interest. It
is proposedo only usecornershaving two edgesconnectedo them,asin gure 4.4. For curved edgest
is possibleto uniquelyrelatea point on oneedgewith a point on the otheredge(usinganaf ne invariant
parameterization canbelinkedto ), yielding only one degreeof freedom. For straightedgestwo
degreesof freedomareleft. Over the parallelogram-shapegion (see gure 4.4) functionsthatreach
their extremain aninvariantway for bothgeometricandphotometricchangesareevaluated.Two possible
functionsare:

and (4.4)
with theimageintensity the centerof gravity of the region, weightedwith imageintensityand
theotherpointsde ned asin gure 4.4.

(4.5)

Theregionsfor which suchan extremumis reachedwill thusalsobe determinednvariantly. In practice
it turnsout thatthe extremaareoftennot very well de ned whentwo degreesof freedomareleft (i.e. for
straightedges) put occurin shallav “valleys”. In thesecaseanorethanonefunctionis usedat the same
time andintersection®f these'valleys” areusedto determindnvariantregions.

Now that we have a methodat handfor the automaticextraction of local, af nely invariantimage
regions,thesecaneasilybedescribedn anaf nely invariantway usingmomentinvariantg166]. Asin the
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region nding stepsjnvariancebothunderaf ne geometricchangesandlinearphotometricchangeswith
differentoffsetsanddifferentscalefactorsfor eachof the threecolor bandsjs considered.

For eachregion, a featurevector of momentinvarianceis composed.Thesecanbe comparedquite
efciently with the invariantvectorscomputedfor otherregions, using a hashing-techniquelt canbe
interestingto take the region type (curved or straightedges?Extremaof which function?) into account
aswell. Oncethe correspondingegionshave beenidenti ed, the cross-correlatiofbetweenthem (after
normalizatiorto a squareeferenceaegion) is computedasa nal checkto rejectfalsematches.

4.2 Two view geometrycomputation

As wasseenin Section3.2.1,evenfor an arbitrary geometricstructure the projectionsof pointsin two
views containssomestructure Findingbackthis structureis not only very interestingsinceit is equivalent
to the projective calibrationof the camerafor the two views, but alsoallows to simplify the searchfor
morematchessincethesehave to satisfythe epipolarconstraint.As will be seenfurtherit alsoallows to
eliminatemostof the outliersfrom the matches.

4.2.1 Eight-point algorithm

Thetwo view structurds equivalentto the fundamentamatrix. Sincethefundamentamatrix isa
matrix determinedup to anarbitraryscalefactor, 8 equationsarerequiredto obtaina uniquesolution. The
simplestway to computethe fundamentamatrix consistsof usingEquation(3.26). This equationcanbe
rewritten underthefollowing form;

(4.6)

with and a vector containingthe
elementf thefundamentamatrix . By stackingeightof theseequationdn amatrix  thefollowing
equationis obtained:

4.7)

Thissystenof equations easilysolvedby SingularvalueDecompositiofSVD) [43]. Applying SVDto
yieldsthedecomposition with  and orthonormamatricesand adiagonalmatrix containing
the singularvalues. Thesesingularvalues arepositive andin decreasingrder Thereforein our case

is guaranteedo beidentically zero(8 equationdor 9 unknavns)andthusthe lastcolumnof is the
correctsolution(at leastaslong asthe eightequationsarelinearly independentwhich is equivalentto all
othersingularvaluesbeingnon-zero).

It istrivial to reconstructhefundamentamatrix fromthesolutionvector . However, in thepresence
of noise,this matrix will not satisfythe rank-2constraint.This meanghattherewill notberealepipoles
throughwhich all epipolarlines pass but thatthesewill be “smearedout” to a smallregion. A solution
to this problemis to obtain  asthe closestrank-2approximatiorof the solutioncomingout of thelinear
equations.

4.2.2 Seven-pointalgorithm

In factthe two view structure(or the fundamentamatrix) only hasseven degreesof freedom. If oneis
preparedo solve non-linearequationsseven pointsmustthusbe sufcient to solve for it. In this casethe
rank-2constraintmustbe enforcedduringthe computations.

A similarapproactasin the previoussectioncanbefollowedto characteriz¢heright null-spaceof the
systenmof linearequationriginatingfrom the sevenpoint correspondencedhis spacecanbe parameter
izedasfollows or with  and beingthetwo lastcolumnsof  (obtainedhrough
SVD)and respectiely thecorrespondingnatrices.Therank-2constrainis thenwritten as

(4.8)
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whichis apolynomialof degree3in . Thiscansimply besolvedanalytically Therearealwaysl or 3real
solutions.Thespecialcase (whichis notcoveredby this parameterizatioriy easilychecledseparately
i.e. it shouldhave rank-2.1f morethanonesolutionis obtainedthenmorepointsareneededo obtainthe
truefundamentamatrix.

4.2.3 Morepoints...

It is clearthatwhenmorepointmatchesreavailabletheredundang shouldbe usedto minimizethe effect
of thenoise.Theeight-pointalgorithmcaneasilybe extendedo be usedwith morepoints.In this casethe
matrix  of equatiord.7 will be muchbigger it will have onerow per point match. The solutioncanbe
obtainedn the sameway, but in this casethelastsingularvaluewill notbe perfectlyequalto zero. It has
beenpointedout [52] thatin practiceit is very importantto normalizethe equations.This is for example
achieved by transformingthe imageto theinterval sothatall elementsof the matrix
areof the sameorderof magnitude.

Eventhenthe errorthatis minimizedis analgebraicerror which hasnor real “physical” meaning. It
is always betterto minimize a geometricallymeaningfulcriterion. The error measurehatimmediately
comesto mind is the distancebetweerthe pointsandthe epipolarlines. Assumingthatthe noiseon every
featurepoint is independentzero-mearGaussiarwith the samesigmafor all points,the minimization of
thefollowing criterionyieldsa maximumlik elihoodsolution:

(4.9)

with the orthogonaldistancebetweerthe point andtheline . This criterion canbe minimized
througha Levenbeg-Marquardalgorithm[122]. Theresultsobtainedthroughlinearleast-squaresanbe
usedfor initialization.

4.2.4 Robustalgorithm

Themostimportantproblemwith the previousapproacheis thatthey cannot copewith outliers. If theset
of matchess contaminatedvith evena smallsetof outliers,theresultwill probablybe unusableThisis
typical for all typesof least-squareapproachegevennon-linearones). The problemis thatthe quadratic
penalty (which is optimal for Gaussiamoise)allows a single outlier being very far apartfrom the true
solutionto completelybiasthe nal result.

The problemis thatit is very hardto segmentthe setof matchedn inliers andoutliersbeforehaving
the correctsolution. The outliers could have sucha disastrouseffect on the least-squareomputations
thatalmostno pointswould be classi ed asinliers (seeTorr [154] for a morein depthdiscussiorof this
problem).

A solutionto this problemwas proposeddy FischlerandBolles[35] (seealso[127] for moredetails
on robust statistics). Their algorithmis called RANSAC (RANdom SAmpling Consensusandit canbe
appliedto all kindsof problems.

Let ustake a subsetof the dataand computea solutionfrom it. If werearelucky andthereareno
outliersin our set,the solutionwill be correctandwe will be ableto correctlysegmentthe datain inliers
and outliers. Of course,we cannot rely on beinglucky. However, by repeatingthis procedurewith
randomlyselectedsubsetsin the endwe shouldendup with the correctsolution. The correctsolutionis
identi ed asthesolutionwith thelargestsupport(i.e. having the largestnumberof inliers).

Matchesare considerednliers if they arenot morethan pixels away from their epipolarlines,
with  characterizinghe amountof noiseon the positionof the features.n practice is hardto estimate
andonecouldjustsetit to 0.50r 1 pixel, for example.

The remainingquestionis of course'how mary sampleshouldbe taken?'. Ideally onecouldtry out
every possiblesubsetput this is usually computationallyinfeasible,so onetakesthe numberof samples

sufciently high to give a probability in excessof that a good subsamplavas selected. The
expressiorfor this probabilityis [127]

(4.10)
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5% 10% 20% 30% 40% 50% 60% 70% 80%
3 5 13 35 106 382 1827 13692 233963

Table4.2: Thenumberof 7-pointsamplesequiredto ensure for agivenfractionof outliers.

Stepl. Extractfeatures
Step2. Computea setof potentialmatches
Step3. While do

step3.1selectminimal sample(7 matches)
step3.2 computesolutionsfor F
step3.3determindnliers

step4. Re ne F basednall inliers
step5. Look for additionalmatches

step6. Re ne F basednall correctmatches

Table4.3: Overview of thetwo-view geometrycomputatioralgorithm.

where is thefractionof outliers,and the numberof featuresn eachsample.In the caseof thefunda-
mentalmatrix . Table4.2 givestherequirednumberof sampledor afew valuesof . Thealgorithm
caneasilydealwith upto outliers,abovethis therequirednumberof samplebecomewery high.

Oneapproachs to decidea priori which level of outlier contaminatiorthe algorithmshoulddealwith
andsetthenumberof samplesaccordingly(e.g.copingwith up to outliersimplies 382samples).

Often a lower percentagef outliersis presentn the dataandthe correctsolutionwill alreadyhave
beenfound after muchfewer samples.Assumethat sample57 yields a solutionwith of consistent
matchesjn this caseone could decideto stop at samplel06, being sure-at leastfor - notto have
missedary biggersetof inliers.

Oncethesetof matchedasbeencorrectlysegmentedn inliers andoutliers,the solutioncanbere ned
usingall theinliers. The procedureof Sectiond.2.3canbe usedfor this. Table4.3 summarizesherobust
approactio thedeterminatiorof thetwo-view geometry Oncetheepipolargeometryhasbeencomputedt
canbeusedto guidethe matchingtowardsadditionalmatchesAt this pointonly featureseingin epipolar
correspondencghouldbeconsideredor matching.For acornerin oneimage only thecornersof theother
imagethatarewithin a smallregion (1 or 2 pixels)aroundthe correspondingpipolarline, areconsidered
for matching. At this point theinitial coordinatenterval that wasusedfor matchingcanberelaxed. By
reducingthe numberof potentialmatchesthe ambiguityis reducedanda numberof additionalmatches
areobtained.Thesecannotonly be usedto re ne thesolutionevenfurther, but will bevery usefulfurther
onin solvingthestructurefrom motionproblemwhereit is importantthattrackedfeaturessurvive aslong
aspossiblein thesequence.

4.2.5 Degeneratecase

The computationof the two-view geometryrequiresthatthe matchesoriginatefrom a 3D sceneandthat
the motionis morethana purerotation. If the obsered sceneis planar the fundamentamatrix is only
determinedup to threedegreesof freedom. The sameis true whenthe cameramotionis a purerotation.
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In this lastcase-only having onecenterof projection-depthcannot be obsened. In the absencef noise
thedetectionof thesedegenerateasesvould notbetoo hard. Startingfrom real-andthusnoisy-data,the
problemis muchhardersincethe remainingdegreesof freedomin the equationsarethendeterminedoy
noise.

A solutionto this problemhasbeenproposedy Torr etal. [155]. The methodswill try to t different
modelsto the dataandthe one explaining the databestwill be selected. The approachs basedon an
extensionof Akaike's informationcriterion[1] proposeddy Kanatani[64]. It is outsidethe scopeof this
text to describethis methodinto details. Thereforeonly thekey ideawill brie y besketchedhere.

Different modelsare evaluated. In this casethe fundamentaimatrix (correspondingo a 3D scene
andmorethana purerotation),a generalhomography(correspondindo a planarscene)anda rotation-
inducedhomographyarecomputed Selectinghe modelwith the smallestesidualwould alwaysyield the
mostgeneralmodel. Akaike's principle consistof taking into accountthe effect of the additionaldegrees
of freedom(which whennot neededy the structureof the dataendup tting the noise)on the expected
residual Thisboilsdown to addinga penaltyto theobsenedresidualsn functionof thenumberof degrees
of freedomof themodel. This makesafair comparisorbetweerthedifferentmodelsfeasible.

4.3 Threeand four view geometrycomputation

It is possibleto determinethe threeor four view geometryin a similar way to the two view geometry
computatiorexplainedin the previoussection.More detailson theseconceptsanbefoundin Section3.2.
Sincethe pointssatisfyingthe threeor four view geometrycertainly mustsatisfythe two view geometry
it is often interestingto have a hierarchicalapproach.In this casethe two view geometryis estimated
rst from consecutie views. Thentriplet matchesareinferredby comparingtwo consecutie setsof pair-
matchesThesetripletsarethenusedin arobustapproactsimilarto the methodpresentedh Sectiord.2.4.
In this caseonly 6 tripletsof pointsareneededA similar approachs possiblefor thefour view geometry

The methodto recover structureandmotion presentedn the next chapteronly relieson the two view
geometry Thereforetheinterestedeadeiis referredto theliteraturefor moredetailson the directcompu-
tation of threeandfour view geometricrelations. Many authorsstudieddifferentapproacheso compute
multi view relations(e.g.[135, 51]). Torr and Zissermarn[151] have proposeda robust approacto the
computatiorof thethreeview geometry Hartley [54] proposech methodto computethe four view geom-
etry.



Chapter 5

Structur e and motion

In the previous sectionit was seenhow differentviews could be relatedto eachother In this section
the relationbetweenthe views andthe correspondencdsetweenthe featureswill be usedto retrieve the
structureof the sceneandthe motion of the cameraThis problemis calledStructue and Motion.

The approachthat is proposedhere extends[7, 67] by being fully projective andthereforenot de-
pendenibon the quasi-euclideamitialization. This wasachiezed by carryingout all measurementis the
images.This approactprovidesanalternatve for thetriplet-basedapproactproposedn [36]. An image-
basedmeasurdhatis ableto obtaina qualitatve distancebetweernviewpointsis alsoproposedo support
initialization anddeterminatiorof closeviews (independenthpf the actualprojective frame).

At rst two imagesare selectedand an initial reconstructiorframe is set-up. Thenthe poseof the
camerafor the otherviews is determinedn this frameandeachtime the initial reconstructions re ned
andextended.In this way the poseestimationof views that have no commonfeatureswith the reference
views alsobecomegpossible. Typically, a view is only matchedwith its predecesson the sequenceln
most casesthis works ne, but in somecases(e.g. whenthe cameramovesback and forth) it canbe
interestingto alsorelatea new view to a numberof additionalviews. Oncethe structureandmotion has
beendeterminedor thewholesequencetheresultscanbere ned througha projective bundleadjustment.
Thentheambiguitywill berestrictedo metricthroughself-calibration Finally, ametricbundleadjustment
is carriedoutto obtainanoptimalestimationof the structureandmotion.

5.1 Initial structureand motion

The rst stepconsistsof selectingtwo views that are suitedfor initializing the sequentiaktructureand

motion computation.On the one handit is importantthat sufcient featuresare matchedbetweenthese
views, on the other handthe views shouldnot be too closeto eachother so that the initial structureis

well-conditioned.The rst of thesecriterionsis easyto verify, thesecondneis harderin theuncalibrated
case.Theimage-basedistancehatwe proposes themediandistancebetweerpointstransferredhrough
anaverageplanarhomographyandthe correspondingpointsin thetargetimage:

median (5.1)
This planarhomographyH is determinedasfollows from the matchedetweerthe two views:

with argmin (5.2)

In practicethe selectionof the initial frame canbe doneby maximizing the productof the numberof
matchesandthe image-basedlistancede ned abore. Whenfeaturesare matchedbetweernsparseviews,
the evaluationcanbe restrictedto consecutie frames. However, whenfeaturesare tracked over a video
sequencet is importantto considewiews thatarefurtherapartin the sequence.

41
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5.1.1 Initial frame

Two imagesof the sequencareusedto determinea referencdrame. The world frameis alignedwith the
rst cameraTheseconctamerds chosersothattheepipolargeometrycorrespondso theretrieved

(5.3)

Equation5.3 is not completelydeterminedby the epipolargeometry(i.e. and ), but has4 more
degreesof freedom(i.e. and ). determineshepositionof thereferenceplane(i.e. the planeatin nity

in anafne or metricframe)and determineshe globalscaleof thereconstructionThe parameter can
simply be putto oneor alternatvely the baselinebetweerthetwo initial views canbescaledto one.In [7]
it wasproposedo setthe coefcient of to ensurea quasi-Euclideaframe,to avoid too large projective
distortions. This was neededbecausenot all partsof the algorithmswherestrictly projective. For the
structureandmotionapproachproposedn this paper canbearbitrarily set,e.qg.

5.1.2 Initializing structure

Oncetwo projectionmatriceshave beenfully determinedhematchesanbereconstructethroughtriangu-
lation. Dueto noisethelinesof sightwill notinterseciperfectly In theuncalibrateccaseheminimizations
shouldbe carriedout in theimagesandnotin projectve 3D space.Therefore the distancebetweenthe
reprojectedD pointandtheimagepointsshouldbe minimized:

(5.4)

It wasnotedby Hartley andSturm[53] thatthe only importantchoiceis to selectin which epipolarplane
the pointis reconstructedOncethis choiceis madeit is trivial to selectthe optimal point from the plane.
A bundleof epipolarplaneshasonly oneparameterin this casethe dimensionof the problemis reduced
from 3-dimensiondo 1-dimension.Minimizing the following equationis thus equivalentto minimizing
equation(5.4).

(5.5)

with and the epipolarlines obtainedin function of the parameter describingthe bundle
of epipolarplanes.It turnsout (see[53]) thatthis equationis a polynomialof degree6in . Theglobal
minimumof equation(5.5) canthuseasilybecomputedln bothimageshepointontheepipoladine

and closestto thepoints  resp. is selected.Sincethesepointsarein epipolarcorrespondence
their linesof sightmeetin a 3D point.

5.2 Updating the structur e and motion

The previous sectiondealtwith obtaininganinitial reconstructiorirom two views. This sectiondiscusses
how to add a view to an existing reconstruction. First the poseof the camerais determinedthenthe
structureis updatedbasedn theaddedview and nally new pointsareinitialized.

5.2.1 projective poseestimation

For every additionalview the posetowardsthe pre-eisting reconstructioris determinedthenthe recon-
structionis updated Thisisillustratedin Figure5.1. The rst stepconsist®f nding theepipolargeometry
asdescribedn Section4.2. Thenthe matchesvhich correspondo alreadyreconstructegbointsareused
to infer correspondencdsetweer2D and3D. Basedon thesethe projectionmatrix  is computedusing
arobustproceduresimilar to the onelaid outin Table4.3. In this casea minimal sampleof 6 matchess
neededo compute . A pointis consideredninlier if it is possibleto reconstruct 3D pointfor which
the maximalreprojectionerror for all views (including the new view) is below a presetthreshold.Once

hasbeendeterminedhe projectionof alreadyreconstructegboints canbe predicted. This allows to
nd someadditionalmatchego re ne theestimationof . This meanghatthe searctspacds gradually
reducedrom thefull imageto theepipolarline to the predictedprojectionof the point.
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Figure5.1: Imagematcheg ) arefoundasdescribedefore.Sincetheimagepoints, , relateto
objectpoints, ,theposefor view canbecomputedromtheinferredmatcheg ). A pointis accepted
asaninlier if its line of sightprojectssufciently closeto all correspondingpoints.
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Figure5.2: Sequentiabpproadc (left) and extendedapproach (right). In the traditional schemeview 8
wouldbe mathedwith view 7 and9 only. A point  which wouldbevisiblein views2,3,4,7,8,9,12,1and
14 would therefore resultin 3 independentlyeconstructegoints. Wth the extendedapproacd only one
pointwill beinstantiated .t is clearthatthisresultsin a higheraccumacyfor thereconstructeghointwhile
it alsodramaticallyreduceghe accumulatiorof calibration errors.

5.2.2 Relating to other views

The procedureproposedn th eprevious sectiononly relatesthe imageto the previousimage. In factit is

implicitly assumedhatonceapointgetsoutof sight,it will notcomeback.Althoughthisis truefor mary

sequenceghis assumptionsloesnot alwayshold. Assumethata speci ¢ 3D point got out of sight, but

thatit is visible againin thelasttwo views. In this casea new 3D pointwill beinstantiated.Thiswill not

immediatelycauseproblems put sincethesetwo 3D pointsareunrelatedor the systemnothingenforces
their positionto correspond.For longer sequencesvherethe camerais moved back and forth over the

scenethis canleadto poorresultsdueto accumulateerrors.The problemis illustratedin Figure5.2

Thesolutionthatwe proposes to matchall theviews thatareclosewith the actualview (asdescribed
in Sectiond.2). For every closeview a setof potential2D-3D correspondences obtained. Thesesetsare
megedandthe camergrojectionmatrix is estimatedisingthe samerobustprocedureasdescribedbove,
but onthe memedsetof 2D-3D correspondences.

Closeviews aredeterminedasfollows. First a planarhomographyhatexplainsbesttheimage-motion
of featurepointsbetweerthe actualandthe previousview is determinedusing Equation5.2). Then,the
medianresidualfor the transferof thesefeaturego otherviews usinghomographiesorrespondingo the
sameplanearecomputedseeEquation5.1). Sincethedirectionof thecameramotionis giventhroughthe
epipolesijt is possibleto limit theselectiorto the closestviews in eachdirection.In this caset is betterto
take orientationinto account47, 76] to differentiatebetweeroppositedirections.

Example

Figure5.3 shawvs oneof theimagesof the sphee sequencandthe recoreredcameracalibrationtogether
with the tracked points. This calibrationcanthenbe usedto generate plenopticrepresentatiofrom the
recordedmages(seeSection8.2). Figure5.4 shovs all theimagesin which each3D pointis tracked. The
pointsarein the orderthatthey wereinstantiated.This explainsthe uppertriangularstructure.lt is clear
thatfor thesequentiahpproachevenif somepointscanbetrackedasfaras30imagesmostareonly seen
in a few consecutre images. From the resultsfor the extendedapproactsereral things can be noticed.
The proposednethodis clearly effective in therecovery of pointswhich werenot seenin the lastimages,
therebyavoiding unnecessarinstantiation®f new points(thesystenonly instantiate®170pointsinstead
of 3792points). Thebandstructureof theappearancmatrix for the sequentiahpproachasbeenreplaced
by a denseupperdiagonalstructure.Somepointswhich wereseenin the rst imagesarestill seenin the
last one (more than 60 imagesfurther down the sequence).The meshstructurein the uppertriangular
partre ects the periodicity in the motion during acquisition. On the average,a pointis tracked over 9.1
imagesinsteadof 4.8 imageswith the standarcapproach.Comparisorwith ground-truthdatashows that
the calibrationaccurag wasimprovedfrom 2.31%o0f the meanobjectdistanceo 1.41%by extendingthe
standardstructureandmotiontechniqueby scanningheviewpoint surfaceasdescribedn this section.
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Figure 5.3: Imageof the sphee sequencdleft) and resultof calibrationstep(right). The camerasare
representedy little pyramids.Imageswhich werematchedogetherareconnectedvith ablackline.
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Figure5.4: Statisticsof the sphee sequence.This gure indicatesin which imagesa 3D pointis seen.
Points(vertical) versusimages(horizontal). The resultsareillustratedfor both the sequentiabpproach
(left) astheextendedapproacH(right) areillustrated.
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5.2.3 Re ning and extendingstructure

The structureis re ned usingan iteratedlinear reconstructioralgorithmon eachpoint. Equation3.8 can
berewrittento becomdinearin

(5.6)

with  the -throwof and beingtheimagecoordinate®f thepoint. An estimateof is computed
by solving the systemof linear equationsobtainedfrom all views wherea correspondingmage point
is available. To obtaina bettersolution the criterion shouldbe minimized. This canbe
approximatelyobtainedby iteratively solvingthefollowing weightedlinearequationgin matrix form):

. (5.7)

where is theprevioussolutionfor . This procedurecanberepeated few times.By solvingthis system
of equationghroughSVD a normalizechomogeneoupointis automaticallyobtained If a 3D pointis not
obsenedthepositionis notupdatedIn this caseonecancheckif the pointwasseenn asufcient number
of views to bekeptin the nal reconstructionThis minimum numberof views canfor examplebe put to
three.This avoidsto have animportantnumberof outliersdueto spuriousmatches.

Of coursein animagesequencsomenew featureswill appearin every new image. If point matches
areavailablethatwerenot relatedto an existing pointin the structure thena new point canbeinitialized
asin section5.1.2.

After this procedurénasbeernrepeatedor all theimagespnedispose®f camergosedor all theviews
andthereconstructiorof theinterestpoints. In the furthermodulesmainly the cameracalibrationis used.
Thereconstructiornitself is usedto obtainanestimateof the disparityrangefor the densestereamatching.

5.3 Re ning structur e and motion

Oncethe structureand motion hasbeenobtainedfor the whole sequenceit is recommendedo re ne it
througha global minimization step. A maximumlik elihood estimationcan be obtainedthroughbundle
adjustmen{158, 137]. Thegoalisto nd the parametersf the cameraview andthe 3D points  for
whichthemeansquaredlistancebetweerthe obsenedimagepoints  andthereprojectedmagepoints

is minimized. The camergprojectionmodelshouldalsotake radialdistortioninto account.For
viewsand pointsthefollowing criterionshouldbe minimized:

(5.8)

If theimageerroris zero-mearGaussiarthenbundle adjustmenis the Maximum Lik elihood Estimator
Although it canbe expressedvery simply, this minimization problemis huge. For a typical sequence
of 20 views and 2000 points, a minimization problemin morethan 6000 variableshasto be solved. A
straight-forvard computationis obviously not feasible.However, the specialstructureof the problemcan
be exploited to solve the problemmuchmore ef ciently. More detailson this approachis givenin Ap-
pendixA.

To concludethis sectionanoverview of thealgorithmto retrieve structureandmotionfrom a sequence
of imagesis given. Two views are selectedand a projective frameis initialized. The matchedcorners
arereconstructedo obtainaninitial structure.The otherviews in the sequencearerelatedto the existing
structureby matchingthemwith their predecessorOncethis is donethe structureis updated. Existing
pointsarere ned andnew pointsareinitialized. Whenthe cameramotionimpliesthatpointscontinuously
disappeaandreappeait is interestingto relatean imageto othercloseviews. Oncethe structureand
motion hasbeenretrieved for the whole sequencethe resultscanbe re ned throughbundle adjustment.
Thewholeprocedurds resumedn Table5.1.
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Stepl. Matchor track pointsover thewholeimagesequence.
Step?2. Initialize the structureandmotionrecovery

step2.1. Selecttwo views thataresuitedfor initialization.
step2.2. Relatetheseviews by computingthetwo view geometry
step2.3. Setuptheinitial frame.
step2.4. Reconstructheinitial structure.
Step3. For every additionalview
step3.1. Infer matchesto the structureand computethe cameraposeusing a
robustalgorithm.
step3.2. Re ne theexisting structure.
step3.3. (optional) For alreadycomputedviews which are“close”

3.4.1.Relatethis view with the currentview by nding featurematchesand
computingthetwo view geometry

3.4.2.Infer new matchego thestructurebasednthecomputednatchesand
addtheseto thelist usedin step3.1.

Re ne theposefrom all the matchesisingarobustalgorithm.
step3.5. Initialize new structurepoints.

Step4. Re ne thestructureandmotionthroughbundleadjustment.

Table5.1: Overview of the projective structureandmotionalgorithm.
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Figure5.5: Left: lllustrationof thefour-parameteambiguitybetweertwo projective reconstructionshar
ing acommonplane.If thebaseof the cubeis shareda projective transformatiorcanstill affectthe height
of the cubeandthe positionof the third vanishingpoint. Right: A fundamentaproblemfor mary (man-
made)sceness thatit is not possibleto seeA,B andC atthe sametime andthereforewhenmoving from
position1 to position3 the planarambiguityproblemwill beencountered.

5.4 Dealingwith dominant planes

The projective structureandmotion approactdescribedn the previous sectionassumeshat both motion
andstructurearegeneral.Whenthis is not the case the approacttanfail. In the caseof motion this will
happerwhenthe camerais purely rotating. A solutionto this problemwas proposedn [155]. Herewe
will assumehatcareis takenduringacquisitionto not take multipleimagesrom the samepositionsothat
this problemdoesnt occur.

Scenerelatedproblemsoccurwhen(part of) the sceneis purely planar In this caseit is not possible
arymoreto determinehe epipolargeometryuniquely If thescends planar theimagemotioncanbefully
describedy a homography Since (with the vectorproductwith the epipole ), there
is a 2 parametefamily of solutionsfor the epipolargeometry In practicerobusttechniquesvould pick a
randomsolutionbasedn theinclusionof someoutliers.

Assumingwe would be ableto detectthis degenerayg, the problemis not completelysolvedyet. Ob-
viously, the differentsubsequencesontainingsufcient general3D structurecould be reconstructedep-
arately Thestructureof subsequencentainingonly a singleplanecouldalsobe reconstructeéssuch.
Theseplanarreconstructiongould then be insertedinto the neighboring3D projective reconstructions.
However, thereremainsanambiguityon the transformationrelatingtwo 3D projective reconstructioronly
sharinga commonplane. The planesharedby the two reconstructionganbe uniquely parameterizethy
three3D points( parametersanda fourth pointin the plane(2 free parametersjo determinethe
projective basiswithin theplane.Theambiguitythereforehas15-11=4degreesof freedom.An illustration
is givenontheleft sideof Figure5.5. Notealsothatit canbevery hardto avoid thistype of degenerayg as
canbeseenfrom theright sideof Figure5.5. Many scenesave acon gurationsimilarto this one.

In [10Q] a practicalsolutionwasproposedor recoveringthe 3D structureandcameramotion of these
typesof sequencewithoutambiguities.This approactis describedn thefollowing sections.

5.4.1 Detectingdominant planes

The rst partof the solutionconsistsof detectingthe casesvhereonly planarfeaturesarebeingmatched.
TheGeometridRokustinformationCriterion(GRIC) modelselectiorapproactproposedn [150Q] is brie y
reviewed. TheGRIC selectshemodelwith thelowestscore. Thescoreof amodelis obtainedoy summing

INotethattheapproactwould still work if the purerotationtakesplacewhile observinga planarpart.
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1,2,

1,2 2,3

Figure5.6: Left: Althougheachpair containsnon-coplanafeaturesthe threeviews only have coplanar
pointsin common.Right: lllustrationof theremainingambiguityif the positionof the centerof projection
for view 2 corresponds$or structurel-2and2-3.

two contributions. The rst oneis relatedto the goodnes®of the t andthe secondoneis relatedto the
parsimoty of the model. It is importantthat a robust Maximum Lik elihood Estimator(MLE) be used
for estimatingthe differentstructureandmotion modelsbeingcomparedhroughGRIC. GRIC takesinto
accountthe number of inliers plusoutliers,theresiduals , the standarddeviation of the measurement
error , thedimensionof thedata , thenumber of motionmodelparameterandthedimension of the

structure:

GRIC (5.9)
where
_ (5.10)
In the above equation representshe penaltytermfor the structurehaving times parameters
eachestimatedrom obsenationsand representshe penaltytermfor the motionmodelhaving

parametergstimatedrom  obsenations.

For eachimagepair GRIC  andGRIC canbe compared.If GRIC yieldsthe lowestvalue
it is assumedhat mostmatchedfeaturesarelocatedon a dominantplaneandthat a homographymodel
is thereforeappropriate.On the contrary whenGRIC  yields the lowestvalue one could assumeas
did Torr [155], that standardprojective structureand motion recovery could be continued.In mostcases
this is correct,however, in somecasesthis might still fail. An illustration of the problemis given on
theleft side of Figure5.6 whereboth and could be successfullyjcomputed but wherestructure
and motion recovery would fail becauseall featurescommonto the threeviews arelocatedon a plane.
Estimatingthe poseof camera3 from featuregeconstructedrom views 1 and2 or alternatively estimating
thetrifocal tensorfrom thetripletswould yield a three-parametdamily of solutions.However, imposing
reconstructionl—2 and reconstructior2—3 to be aligned(including the centerof projectionfor view 2)
would reducethe ambiguityto a one-parametefamily of solutions. This ambiguityis illustratedon the
right sideof Figure5.6. Comparedo thereferencdrameof camerad and?2 the positionof camera3 can
changearbitrarily aslong asthe epipolein image2 is not modi ed (i.e. motionalonga line connecting
the centerof projectionsof image2 and3). Sinceintersectiorhasto be presered andtheimageof the
commonplanealsohasto be invariant, the transformatiorof the restof spaceis completelydetermined.
Note—asseenn Figure5.6—thatthis remainingambiguitycouldstill causeanimportantdistortion.

For thereasordescribedhbore we proposeto usethe GRIC criterionon triplets of views ( ). On
the onehandwe have GRIC(PPP) basedon a modelcontaining3 projectionmatrices(up to a projective
ambiguity)with and (notethatusinga modelbasedon the trifocal tensor
would beequivalent),ontheotherhandwe have GRIC(HH) basedn amodelcontaining2 homographies
with and . To efciently computethe MLE of both PPP andHH the sparse
structureof the problemis exploited (similar to bundle adjustment).We cannow differentiatebetween
two differentcases:CaseA: GRIC(PPP) GRICHH): threeviews obsene general3D structure. Case
B: GRIC(PPP) GRIC(HH): commonstructurebetweerthreeviews is planar Notethatit doesnot make
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case AABAABBBBBAAA

3D PPPP PPPPP

2D HH HHHHHH

3D PPPP
FFEFFFHHHHFFFF

Table5.2: Exampleon how a sequencevould be partitionedbasedon the differentcasesbtainedin the
modelselectionstep.UnderlinedE correspondo caseghatwould not be dealtwith appropriatelyusinga
pairwiseanalysis.

sensdo considemixedcasesuchasHF or FH sincefor structureandmotionrecoverytripletsareneeded
whichin thesecasesvould all belocatedon a planeanyway.

Notethatin addition,oneshouldverify thata sufcient numberof tripletsremain(saymorethan )
to allow areliableestimation.Whentoo few pointsareseenin commonover threeviews, the sequencés
alsosplit up. In alater stageit canbe reassemble@usingthe procedurdaid outin Section5.4.3). This
avoids the risk of a (slight) changeof projective basisdueto an unreliableestimationbasedon too few
points. Notethatit is importantto avoid this, sincethis would meanthatdifferenttransformationsvould
be requiredto bring the differentpartsof the recoreredstructureand motion backto a metric reference
frame.In practicethis causeself-calibratiorto fail andshouldthereforebe avoided.

5.4.2 Partial projective structure and motion recovery

Thesequencés rst traversedandseparatedh subsequence$or subsequencesith sufcient 3D struc-

ture (caseA) the approachdescribedn Section5 is followed so that the projective structureand motion

is recovered.Whenatriplet correspondso caseB, only planarfeaturesaretracked andreconstructedin

2D). A possiblepartitioningof animagesequencés givenin Table5.2. Note thatthetriplet 3-4-5would
causeanapproactbasedn [155)] to fail.

Supposehe plane is labeledasa dominantplanefrom view basedon featurestracked in views

. In general somefeaturepoints locatedon will have beenreconstructedh 3D from

previousviews (e.g. and ). Thereforethecoefcients of canbecomputedrom . De ne
astheright null spaceof  ( matrix). represent8 supportingpointsfor theplane andlet
bethe correspondingmageprojections.De ne the homography , thenthe 3D

reconstructiorof imagepointslocatedin theplane areobtainedasfollows:
(5.11)

Similarly, afeature seenin view canbereconstructeds:

(5.12)

where

5.4.3 Combined metric structure and motion recovery

Usingthe coupledself-calibrationalgorithmdescribedn Section6.3.1it is possibleto recover the metric
structureof thedifferentsubsequences.

Oncethe metric structureof the subsequencdsasbeenrecovered,the poseof the cameracanalsobe
determinedor the viewpointsobservingonly planarpoints. Sincethe intrinsicshave beencomputeda
standargposeestimationalgorithmcanbe used.We useGrunerts algorithmasdescribedn [44]. To deal
with outliersarobustapproachwasimplemented35].

Finally, it becomegossibleto align the structureandmotion recoveredfor the separatesubsequences
basedon commonpoints. Note thatthesepointsareall locatedin a planeandthereforesomeprecautions
have to betakento obtainresultsusinglinear equationsHowever, since3 pointsform a basisin a metric
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Figure5.7: Someof the 64 imagesof thecornersequence.
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Figure 5.8: Left: GRIC(F) (solid/blackline) and GRICH) (dashed/bludine). Right: GRIC(PPP)
(solid/blackline) andGRICHH) (dashed/bludine).

3D spaceadditionalpointsout of theplanecaneasilybe generatedi.e. usingthevectorproduct)andused
to computetherelative transformusinglinearequationsHereagainarobustapproachs used.

Now that all structureand motion parametersiave beenestimatedor the whole sequence. A nal
bundleadjustments carriedout to obtaina globally optimalsolution.

Example

In this sectionresultsof our approacton two realimagesequenceareshavn. The rst imagesequence
was recordedfrom a cornerof our institute. The corner sequenceontains64 imagesrecordedusinga
Sory TRV900 digital camcordelin progressie scanmode. The imagesthereforehave a resolutionof

(PAL). Someof theimagesareshawn in Figure5.7. Note thatthe imagescontainquite some
radialdistortion.

In Figure5.8the GRIC valuesaregivenfor and aswell asfor and . It canclearlybe
seenthat—besideslealingwith additionalambiguities-thetriplet basedanalysisin generalprovidesmore
discriminantresults.lt is alsointerestingto notethattriplet 34-35-36is clearlyindicatedascontainingsuf-
ciently generalstructurefor thetriplet-basedapproactwhile the pairbasedapproachmarginally prefers
to usethe planebasedmodel. The USaM approachreconstructghe structurefor this triplet (including
somepointsseenin thebackgrounaf thelowerleft pictureof Figure5.7)andsuccessfullyntegrategshem
with the restof the recoveredstructureand motion. Figure 5.9 shows resultsfor differentstagesof our
approach At the top-left the recoveredmetric structureandmotionfor thetwo subsequencebatcontain
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Figure5.9: Left: differentstage®of the structureandmotionrecovery, Right: orthogonaliews of the nal
result.

sufciently generalstructureis given (after coupledself-calibration).Then,both structureandmotion are
extendedovertheplanarparts.This canbeseenin themiddle-leftpartof the gure. At thebottom-leftthe
completestructureandmotionfor thewhole sequencés shavn afterbundleadjustmentOn theright side
of the gure orthogonakop andfront views areshown.

Thesecondsequenceonsistof 150imagesof anold farmhouselt wasrecordedvith thesamecamera
asthe rst sequenceln Figure5.10the GRIC valuesare plottedandfor someof themthe corresponding
imagesareshavn. As canbe seenthe approactsuccessfullydiscriminatesetweernthe planarpartsand
the others. In Figure5.11the computedstructureand motion is shavn. In Figure5.12 someviews of a
densetextured 3D modelare shovn. This modelwas obtainedby computingsomedepthmapsusinga
sterecalgorithmandthe obtainedmetric structureandmotion. Note thatthe whole approacHrom image
sequencéo complete3D modelis fully automatic.

5.5 Conclusion

In this sectionan overview of the algorithmto retrieve structureandmotionfrom a sequencef imagesis
given. Firsta projective frameis initialized from thetwo rst views. The projective cameramatricesare
chosensothatthey satisfythe computedundamentamatrix. The matchedcornersarereconstructego
thataninitial structureis obtained. The otherviews in the sequencearerelatedto the existing structure
by matchingthemwith their predecessorOncethis is donethe structureis updated.Existing pointsare
re ned andnew pointsareinitialized. Whenthe cameranotionimpliesthat pointscontinuouslydisappear
andreappeait is interestingto relateanimageto other“close” views. Oncethe structureandmotionhas
beenretrievedfor the whole sequencethe resultscanbe re ned throughbundle adjustment.A solution
wasalsopresentedor the degenerateasewhereat somepoint duringthe acquisitiona dominantplaneis
obsened(i.e. all featurescommonto threeconsecutie views arelocatedon a plane).
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Figure 5.10: Someimagesof the farmhousesequenceogetherwith GRIC(PPP) (solid/blackline) and
GRICHH) (dashed/bludne).

Figure5.11: Combinedstructureandmotionfor thewholefarmhousesequence.
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Figure5.12: Textured3D modelof thefarmhouse



Chapter 6

Self-calibration

The reconstructiorobtainedas describedn the previous chapterss only determinedup to an arbitrary
projective transformation.This might be sufcient for someroboticsor inspectionapplicationsbut cer
tainly notfor visualization.Thereforeve needa methodto upgradehereconstructiorio ametricone(i.e.
determinedup to anarbitraryEuclideantransformatioranda scalefactor).

In generalthreetypesof constraintscanbe appliedto achieve this: sceneconstraintscameramotion
constraintsand constraintson the cameraintrinsics. All of thesehave beentried separatelyor in con-
junction. In the caseof a hand-heldcameraandan unknavn sceneonly the last type of constraintscan
be used. Reducingthe ambiguity on the reconstructiorby imposingrestrictionson the intrinsic camera
parameterss termedself-calibmation (in the areaof computervision). In recentyearsmary researchers
have beenworking on this subject. Mostly self-calibrationalgorithmsare concernedwvith unknavn but
constanintrinsic camergparameter¢seefor exampleFaugera®tal. [32], Hartley [48], PollefeysandVan
Gool[116, 118 104, HeydenandAstrom[57] andTriggs[157]). Recentlytheproblemof self-calibration
in the caseof varyingintrinsic camergparametersvasalsostudied(seePollefeys etal. [115, 105, 99] and
HeydenandAstrom [58, 60]).

Many researcherproposedspeci ¢ self-calibrationalgorithmsfor restrictedmotions(i.e. combining
cameramotion constraintsand cameraintrinsics constraints). In several casest turnsout that simpler
algorithmscanbe obtained.However, the priceto payis thatthe ambiguitycanoften not be restrictedto
metric. Someinterestingapproachewereproposedy Moonsetal. [89] for puretranslationHartley [50]
for purerotationsandby Armstrongetal. [2] (seealso[28]) for planarmotion.

Recentlysomemethodswereproposedo combineself-calibrationwith sceneconstraints.A speci c
combinationwas proposedn [117] to resole a casewith minimal information. Bondyfalatand Boug-
noux[8] proposed methodof eliminationto imposethe sceneconstraintsLiebowitz andZissermari79]
ontheotherhandformulateboththe sceneconstraintandthe self-calibrationconstraintasconstrainton
theabsoluteconicsothata combinedapproactis achieved.

Anotherimportantaspecbf theself-calibratiorproblemis the problemof critical motionsequencedn
somecaseghe motion of the cameras not generalenoughto allow for self-calibrationandan ambiguity
remainson the reconstruction.A rst completeanalysisfor constantcameraparametersvas given by
Sturm[144)]. Othershave alsoworkedonthesubject(e.g. Pollefeys[99], Ma etal. [85] andKahl [62]).

6.1 Calibration

In this sectionsomeexisting calibrationapproachearebrie y discussedThesecanbebasednEuclidean
or metricknowledgeaboutthe scenethe cameraor its motion. Oneapproaclconsistof rst computing
a projectie reconstructiorandthenupgradingit a posteriorito a metric (or Euclidean)reconstructiorby
imposingsomeconstraintsThetraditionalapproacheboweverimmediatelygofor ametric(or Euclidean)
reconstruction.

55
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6.1.1 Sceneknowledge

The knowledgeof (relative) distanceor anglesin the scenecanbe usedto obtaininformationaboutthe
metric structure.Oneof the easiesimeando calibratethe sceneat a metric level is the knowledgeof the
relative positionof 5 or morepointsin generaposition. Assumethepoints  arethemetriccoordinate®f
theprojectively reconstructeghoints , thenthetransformation whichupgradeghereconstructiorirom
projectiveto metriccanbeobtainedrom thefollowing equations

or (6.1)

which canbe rewritten aslinear equationsby eliminating . Boufamaet al. [9] investigatechow some
Euclideanconstraintcould beimposedon anuncalibratedeconstructionThe constraintghey dealtwith
areknown 3D points, pointson a groundplane,vertical alignmentandknown distancedetweenpoints.
BondyfalatandBougnoux[8] recentlyproposeda methodin which the constraintsare rst processedby
ageometricreasoningystemsothata minimal representationf the scends obtained.Theseconstraints
canbe incidence parallelismandorthogonality This minimal representatioiis thenfed to a constrained
bundleadjustment.

Thetraditionalapproachakenby photogrammetristgl1, 41, 137, 42 consistof immediatelyimpos-
ing the positionof known controlpointsduringreconstructionThesemethodsusebundleadjustmenfl12]
which is a global minimization of the reprojectionerror. This can be expressedhroughthe following
criterion:

(6.2)

where isthesetof indicescorrespondingo the pointsseenin view and describesheprojection
of apoint with camera takingall distortionsinto account.Notethat is known for control points
andunknown for otherpoints. It is clearthat this approactresultsin a hugeminimizationproblemand
that, evenif the specialstructureof the Jacobiaris takeninto account(in a similar way aswasexplained
in SectionA.2, it is computationallyery expensve.

Calibration object In thecaseof a calibrationobject,the parametersf the cameraareestimatedusing
an objectwith known geometry The known calibrationcanthenbe usedto obtainimmediatelymetric
reconstructions.

Many approachesxist for this type of calibration. Most of thesemethodsconsistof a two step
procedurewvherea calibrationis obtained rst for a simpli ed (linear) modelandthena more comple
model,takingdistortionsinto accountjs tted to the measurementslhe differencebetweerthe methods
mainly lies in the type of calibrationobjectthatis expected(e.g.planaror not) or the compleity of the
cameramodelthatis used. Someexisting techniquesare Faugerasand Toscani[27], Weng, Cohenand
Herniou[170], Tsai[160, 161] (seealsotheimplementatiorby Willson [173]) andLenzandTsai[77].

6.1.2 Cameraknowledge

Knowledgeaboutthecameracanalsobeusedo restricttheambiguityonthereconstructiofirom projective
to metric or evenbeyond. Differentparametersf the cameracanbe known. Both knowledgeaboutthe
extrinsic parametergi.e. positionandorientation)astheintrinsic parametersanbe usedfor calibration.

Extrinsic parameters Knowing therelative positionof the viewpointsis equivalentto knowing therel-
ative positionof 3D points. Thereforethe relative position of 5 viewpointsin generalpositionsufces
to obtaina metric reconstruction.This is the principle behindthe omni-rig [134] recentlyproposedby
Shashuda similar but morerestrictedapplicationwasdescribedn Pollefeysetal. [120, 119).

It is lessobviousto dealwith the orientationparametersexceptwhentheintrinsic parametersrealso
known (seebelaw).
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Intrinsic parameters If theintrinsiccamergarameterareknown it is possibleto obtainametricrecon-
struction.E.g. this calibrationcanbe obtainedthroughoff-line calibrationwith a calibrationobject.In the
minimal caseof 2 views and5 pointsmultiple solutionscanexist [33], but in generala uniquesolutionis
easilyfound. Traditionalstructurefrom motion algorithmsassumeknown intrinsic parametersndobtain
metricreconstructionsutof it (e.g.[80, 159, 5, 17, 140 147)).

Intrinsic and extrinsic parameters Whenbothintrinsicandextrinsic camergparameterareknown, the
full camerarojectionmatrixis determinedIn thiscasea Euclidearreconstructioiis obtainedmmediately
by back-projectinghe points.

In the caseof known relative positionandorientationof the camerasthe rst view canbealignedwith
the world framewithout loss of generality If only the (relative) orientationandthe intrinsic parameters
areknown, the rst partof thecamergprojectionmatricesis known andit is still possibleto linearly
obtainthetransformatiorwhich upgradeshe projective reconstructiorio metric.

6.2 Self-calibration

In this sectionsomeimportantsconceptdor self-calibrationareintroduced.Thesearethenusedto brie y
describesomeof the existing self-calibratiormethods.

6.2.1 A counting argument

To restrictthe projectve ambiguity (15 degreesof freedom)to a metric one (3 degreesof freedomfor
rotation, 3 for translationand 1 for scale),at least8 constraintsare needed. This thus determinegshe
minimum length of a sequencdrom which self-calibrationcan be obtained,dependingon the type of
constraintavhich areavailablefor eachview. Knowinganintrinsic camergparametefor  views gives
constraints,xing oneyieldsonly constraints.

Of coursethis countingargumentis only valid if all theconstraintsareindependentln this context critical
motionsequenceareof specialimportancgseeSection6.2.5).

Thereforethe absenceof skew (1 constraintper view) shouldin generalbe enoughto allow self-
calibrationon a sequencef 8 or moreimages(this wasshavn in [114, 60, 99)). If in additionthe aspect
ratiois known (e.g. ) then4 views shouldbe sufcient. Whenthe principal pointis known aswell
apairof imagess sufcient.

6.2.2 Geometricinterpretation of constraints

In this sectiona geometridnterpretatiorof a camergprojectionmatrix is given. It is seenthatconstraints
ontheinternalcamergparametersaneasilybe givena geometrianterpretatiorin space.

A camergrojectionplanede nesasetof threeplanes.The rst oneis parallelto theimageandgoes
throughthe centerof projection. This planecanbe obtainedby back-projectingheline atin nity of the
image(i.e. ). Thetwo othersrespectiely correspondo the back-projectiorof theimage - and

-axis(i.e. and resp.).A line canbe back-projectedhroughequation(3.9):

(6.3)

Let uslook attherelative orientationof theseplanes.Thereforetherotationandtranslationcanbeleft out
withoutlossof generality(i.e. acameracenteredepresentatiors used).Let usthende ne thevectors
and asthe rst threecoefcients of theseplanes.Thisthenyieldsthefollowing threevectors:

(6.4)
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Thevectorscoincidingwith thedirectionof the andthe axiscanbeobtainedby intersectionof these
planes:

and (6.5)

Thefollowing dot productscannow betaken:
and (6.6)
Equation(6.6) provesthatthe constraintfor rectangulampixels (i.e. ), andzerocoordinatedor the
principal point (i.e. and ) canall be expressedn termsof orthogonalitybetweernvectors

in space.Note furtherthatit is possibleto pre-warpthe imagesothata known skew! or known principal
point parametersoincidewith zero. Similarly a known focal lengthor aspectatio canbe scaledo one.

TheAC is alsopossibleto give a geometricinterpretatiorto a known focal lengthor aspectatio. Put
aplaneparallelwith theimageat distance from the centerof projection(i.e. in cameracentered
coordinates)In this casea horizontalmotionin theimageof  pixelswill move theintersectiorpoint of
theline of sightoveradistance . In otherwordsa known focal lengthis equivalentto knowing thatthe
lengthof two (typically orthogonal)vectorsareequal. If the aspectratio is de ned asthe ratio between
the horizontaland vertical sidesof a pixel (which makesit independentf ), a similar interpretationis
possible.

6.2.3 Theimageof the absoluteconic

Oneof the mostimportantconceptdor self-calibrationis the AbsoluteConic (AC) andits projectionin
theimages(IAC) 2. Sinceit is invariantunderEuclideantransformationg§seeSection2.2.3),its relative
positionto amoving cameras constant.For constanintrinsic camergparameter@s imagewill therefore
alsobeconstant.Thisis similarto someonavho hastheimpressiorthatthe moonis following him when
driving on a straightroad.Notethatthe AC is moregeneralpecausdt is notonly invariantto translations
but alsoto arbitraryrotations.

It canbe seenasa calibrationobjectwhich is naturally presentin all the scenes.Oncethe AC is
localized,it canbe usedto upgradethe reconstructiorto metric. It is, however, not alwaysso simpleto
nd the AC in thereconstructedpaceln somecasest is not possibleto make the differencebetweerthe
true AC andothercandidatesThis problemwill bediscussedn the Section6.2.5.

In practicethe simplestway to representhe AC is throughthe Dual AbsoluteQuadric(DAQ). In this
caseboththe AC andits supportingplane theplaneatin nity , areexpressedhroughonegeometricentity.
Therelationshipbetweerthe AC andthelAC is easilyobtainedusingthe projectionequatiorfor the DAQ:

(6.7)

with  representinghedualof thelAC, theDAQand theprojectionmatrixfor view . Figure6.1

illustratestheseconcepts. For a Euclideanrepresentatiorof the world the cameraprojection matrices

canbe factorizedas: - (with an uppertriangularmatrix containingthe intrinsic

cameraparameters, representinghe orientationand the position)andthe DAQ canbe written as
. Substitutingthis in Equation(6.7),oneobtains:

(6.8)

This equationis very usefulbecausé immediatelyrelatestheintrinsic camergparameterso the DIAC.

In the caseof a projective representationf the world the DAQ will notbeatits standardoosition,but
will have the following form: with  beingthe transformationfrom the metric to the
projective representationBut, sincethe imageswereobtainedin a Euclideanworld, theimages  still
satisfyEquation(6.8).If  isretrieved,it is possibleto upgradethe geometryfrom projective to metric.

Lin this casethe skew shouldbe given asananglein theimageplane. If the aspectatio is alsoknown, this correspondso an
anglein theretinalplane(e.g. CCD-array).
2SeeSection2.2.3for details.
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Cj

Figure6.1: Theabsoluteconic (locatedin theplaneat in nity) andits projectionin theimages

Figure6.2: TheKruppaequationdmposethat theimage of the absoluteconic satis esthe epipolar con-
straint. In bothimagesthe epipolarlinescorrespondingo thetwo planesthrough and tangentto
mustbetangentto theimages and

ThelAC canalsobetransferredrom oneimageto anotherthroughthe homographyof its supporting
plane(i.e.the planeatin nity):

or (6.9)

It is alsopossibleto restrictthis constrainto the epipolargeometry In this caseoneobtainsthe Kruppa
equationg75] (seeFigure6.2):

(6.10)

with thefundamentainatrixfor views and and thecorrespondingpipole.In thiscaseonly 2 (in

steadof 5) independenéquationsanbe obtained176]. In factrestrictingthe self-calibrationconstraints
to the epipolargeometnyis equivalentto the eliminationof the positionof in nity from theequationsThe

resultis thatsomearti cial degeneraciesrecreatedsee[142)).

6.2.4 Self-calibration methods

In this sectionsomeself-calibrationapproachearebrie y discussedCombiningEquation(6.7)and(6.8)
oneobtainsthefollowing equation:
(6.11)
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critical motiontype ambiguity

puretranslation afne transformatio(5DOF)

purerotatior? arbitrarypositionfor planeatin nity (3DOF)
orbital motion projective distortionalongrotationaxis (2DOF)
planarmotion scalingaxisperpendiculato plane(1DOF)

Table6.1: Critical motionsequence®r constanintrinsic parameters

SeveralmethodsarebasednthisequationFor constantntrinsic parameter3riggs[157] proposedo min-
imize the deviation from Equation(6.11). A similar approachwasproposedy Heydenand Astrom [57].

Pollefeys and Van Gool [118] proposeda relatedapproachbasedon the transferequation(i.e. Equa-
tion (6.9)) ratherthanthe projectionequation. Thesedifferentapproachesrevery similar aswasshavn
in [118]. Themore e xible self-calibratiormethodwhich allows varyingintrinsiccamergparametergl05]

is alsobasedn Equation(6.11).

The rst self-calibrationmethodwasproposediy Faugerast al. [32] basedon the Kruppaequations
(Equation(6.10)). The approachwasimproved over the years[84, 176. An interestingfeatureof this
self-calibrationtechniqueis that no consistenprojective reconstructiormustbe available, only pairwise
epipolarcalibration. This canbe very usefulis somecaseswvhereit is hardto relateall the imagesinto
a single projective frame. The price paid for this adwvantageis that 3 of the 5 absoluteconic transfer
equationsare usedto eliminatethe dependencen the position of the planeat in nity . This explains
why this methodperformspoorly comparedo otherswhena consistenprojective reconstructiorcanbe
obtained(see[104]).

Whenthe homographyof the planeat in nity is known, then Equation(6.9) canbe reducedto
a setof linearequationdn the coefcients of or  (thiswasproposeddy Hartley [48]). Severalself-
calibrationapproachesely on this possibility Somemethodsollow a strati ed approachandobtainthe
homographiesf theplaneatin nity by rst reachinganafne calibrationbasedanapuretranslation(see
Moonsetal. [89]) or usingthemodulusconstrainiseePollefeys etal. [104]). Othermethodsarebasedn
purerotations(seeHartley [50] for constanintrinsic parameterandde Agapitoetal. [20] for azooming
camera).

6.2.5 Critical motion sequences

Onenoticedvery soonthat not all motion sequencearesuitedfor self-calibration. Someolvious cases
aretherestrictedmotionsdescribedn the previous section(i.e. puretranslation purerotationandplanar
motion). However thereare more motion sequencesvhich do not leadto uniquesolutionsfor the self-
calibrationproblem.This meanghatat leasttwo reconstructionarepossiblewhich satisfyall constraints
on the cameraparametergor all the imagesof the sequenceand which are not relatedby a similarity
transformation.

Several researchersealizedthis problemand mentionedsomespeci ¢ casesor did a partial analy-
sis of the problem[157, 176, 121]. Sturm[144, 145 provided a completecatalogueof critical motion
sequence$§CMS) for constantintrinsic parameters Additionally, he identi ed speci ¢ degeneracieor
somealgorithms[142].

Howeverit is very importantto noticethatthe classe®f CMS thatexist dependn the constraintghat
areenforcedduring self-calibration. The extremesbeingall parameter&nown, in which casealmostno
degeneraciesxist, and,no constraintstall, in which caseall motionsequencearecritical.

Intable6.1and6.2themostimportantcritical motionsequencefor self-calibratiorusingtheconstraint
of constantbut unknownn- intrinsicsrespectiely intrinsicsknown up to a freely moving focal lengthare
listed. More detailscanbefoundin [99]. For self-calibratiorto be successfuit is importantthattheglobal
motionoverthesequencés generaknoughsothatit is notcontainedn ary of thecritical motionsequence
classes.

3In this caseevena projective reconstructions impossiblesinceall thelinesof sightof a pointcoincide.
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critical motiontype ambiguity

purerotatiorf arbitrarypositionfor planeatin nity (3DOF)
forwardmotion projective distortionalongoptical axis (2DOF)
translationand scalingopticalaxis (LDOF)

rotationaboutoptical axis
hyperbolicand/orelliptic motion oneextra solution

Table6.2: Critical motionsequence®or varyingfocal length

Figure6.3: Structureandmotionbefore (top) andafter (bottom)self-calibration.

6.3 A practical approachto self-calibration

In theprevioussectionseveralself-calibratiormethodsverebrie y presentedin this sectionwe will work
outa e xible self-calibrationapproach(this methodwasproposedn [114], seealso[105] or [99]). This
methodcandealwith varyingintrinsic camergparametersThisis importantsinceit allowstheuseof zoom
andauto-focusavailableon mostcameras.

The only assumptiorwhich is strictly neededby the methodis that pixels are rectangulaseefor a
proof[114, 99]). In practicehowever it is interestingto make more assumptions.in mary caseixels
are squareand the principal point is locatedcloseto the centerof the image. Our systemsrst usesa
linear methodto obtainan approximatecalibration. This calibrationis thenre ned througha non-linear
optimizationstepin a secondphase.The approachthatis proposedchereis basedon [114] but waswas
modi ed to bettertake into accountthe a priori information on the intrinsic cameraparametersthereby
reducingthe problemof critical motionsequences.

In Figure6.3theretrievedstructureandmotionis shavn before(top) andafter(bottom)self-calibration.
Notethatmetric propertiessuchasorthogonalityandparallelismcanbe obsenedafter self-calibration.
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6.3.1 linear self-calibration

The rst stepconsistof normalizingthe projectionmatrices.Thefollowing normalizationis proposed:

with - (6.12)

where and arethewidth, resp.heightof theimage.After the normalizationthefocal lengthshouldbe

of the orderof unity andthe principal point shouldbe closeto the origin. The above normalizationwould

scalea focal lengthof a 60mmlensto 1 andthusfocal lengthsin the rangeof 20mmto 180mmwould

endupin therange . Theaspecratiois typically alsoaroundl andthe skew canbe assumed for

all practicalpurposesMaking thesea priori knowledgemoreexplicit andestimatingreasonablstandard
deviationsonecouldfor exampleget , , and . Itisnow

interestingto investigateheimpactof this knowledgeon

(6.13)

and . Theconstrainton theleft-handsideof Equation(6.7) shouldalsobeveri ed on
theright-handside(up to scale).The uncertaintycanbetake into accountoy weightingthe equations.

(6.14)
with  the throw of and a scalefactorthatis initially setto 1 and later on to with
the resultof the previousiteration. Since  is a symmetric matrix it is parametrizedhrough

10 coefcients. An estimateof the dualabsolutequadric  canbe obtainedby solvingthe above setof
equationdor all viewsthroughlinearleast-squares herank-3constrainshouldbeimposedy forcingthe
smallessingularvalueto zero. This schemecanbeiterateduntil the factorscorverge,butin practicethis
is oftennotnecessaryExperimental/alidationhasshowvn thatthis approaclyieldsmuchbetterresultsthan
theoriginalapproactdescribedn [114, 105. Thisis mostlydueto thefactthatconstrainingall parameters
(evenwith asmallweight)allows to avoid mostof the problemsdueto critical motionsequencefl 44, 63]
(especiallythe speci ¢ additionalcasefor thelinearalgorithm[99)).

coupledself-calibration

In somecasedlifferent(sub)sequencdsve beenrecordedvith the samecameraandthe samesettings.In
this caseit is possibleto combinethe equationslerivedabove into a larger systemof equations.This can
for examplebe usedto solve the problemof a dominantplaneseparatinga sequencén two subsequences
(seeSection5.4).
Whenchoosing for oneof the projectionmatricesit canbe seenfrom Equation(6.11)that
canbewritten as:

(6.15)

Now the setof equationg6.14)canthusbewritten as:

(6.16)
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where isavectorcontainingé coefcients representinghematrix , isa3-vectorand ascalarand
and arematricescontainingthecoefcients of theequationsNotethatthis canbedoneindependently
for every 3D subsequence.
If the sequencés recordedwith constanintrinsics,thevector will be commonto all subsequences
andoneobtainsthefollowing coupledself-calibrationequations:

(6.17)

As will be seenin the experimentsthis approachs very successful. The mostimportantfeatureis that

throughthe couplingit allowsto getgoodresultsevenfor the shortersubsequencegor eachsubsequence

atransformationio upgradehereconstructiorirom projectiveto metriccanbeobtainedrom theconstraint
diag (throughCholesly factorization).

6.3.2 non-linear self-calibration re nement

Beforegoing for a bundle-adjustmenit canstill be interestingto re ne the linear self-calibrationresults
througha minimization that only involves the cameraprojection matrices(althoughin practicethis is
often not necessargincethe resultsof the linear computationraregoodenoughto allow the corvergence
of the bundle adjustmentto the desiredsolution). Let us de ne the functions and

that respectiely extract the focal length, aspectratio, coordinatesof the principal point and skew
from a projectionmatrix (in practicethis is donebasedon QR-decomposition)Thenour expectationgor
the distributions of the parametergould be translatedo the following criterion (for a projectionmatrix
normalizedasin Equation(6.12)):

(6.18)
Notethatsince and indicaterelative andnotabsolutevalues,it is moremeaningfulto uselogarithmic
valuesin theminimization. This alsonaturallyavoidsthatthefocal lengthwould collapseto zerofor some
degeneratecases. In this criterion  shouldbe parametrizedvith 8 parameterandinitialized with the
solutionof thelinearalgorithm. There ned solutionfor thetransformatiorcanthenbe obtainedas:

(6.19)

Sometermscanalsobe addedto enforceconstantparameterse.g. —_ with the
averageogarithmof theobsenedfocallength. Themetric structureandmotionis thenobtainedas

and (6.20)

This resultcanthenfurther be re ned throughbundle adjustment.In this casethe constraintson the in-
trinsicsshouldalsobe enforcedduring the minimizationprocess.For moredetailsthe readeris referred
to [158].

6.3.3 Metric bundle adjustment

For high accurag the recoreredmetric structureshouldbe re ned usinga maximumlikelihoodapproach
suchasthe bundleadjustmeniseeAppendixA). In this casehowever, the metric structureand not the
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projective structureis retrieved. This meansthat the cameraprojectionmatricesshouldbe parametrized
usingintrinsic and extrinsic parametergand not in homogeneouform asin the projective case).If one
assumeshatthe erroris only dueto mislocalizationof the imagefeaturesandthatthis erroris uniform
andnormallydistributecP, the bundleadjustmentorrespondso a maximumlik elihoodestimator For this
to be satis edthe cameramodelshouldbe generalenoguhsothatno systematierrorsremainin the data
(e.g. dueto lensdistortion). In thesecircumstanceshe maximumlik elihood estimationcorrespondso
the solutionof a least-squareproblem. In this casea criterion of the type of equation(6.2) shouldbe
minimized:

— — (6.21)
where is the setof indices correspondingo the points seenin view and

- . This criterionshouldbe extendedwith termsthatre ect the (un)certaintyon theintrinsic
camergarametersThis would yield a criterionof thefollowing form;

(6.22)
with  aregularizatiorfactorand representingheconstraint®ntheintrinsiccamergarameters,
e.g. (known aspectatio), (known principal point) or (constanfocal

length). Thevaluesof thefactors  dependon how stronglythe constraintshouldbe enforced.

6.4 Conclusion

In this chapterwe discussedow to restrictthe projective ambiguity of the reconstructiorto metric (i.e.
Euclideanup to scale). After a brief discussiorof traditional calibrationapproachesye focussedn the
problemof self-calibration.Thegenerakonceptsvereintroducedandthe mostimportantmethodsbrie y
presented.Thena e xible self-calibrationapproachthat can dealwith focusing/zoomingcamerasvas
workedoutin detail.

5Thisis arealisticassumptiorsinceoutliersshouldhave beenremaoved at this stageof the processing.



Chapter 7

Densedepth estimation

With the cameracalibrationgiven for all viewpointsof the sequencewe canproceedwith methodsde-
velopedfor calibratedstructurefrom motion algorithms. The featuretrackingalgorithmalreadydelivers
a sparsesurfacemodelbasedon distinct featurepoints. This however is not sufcient to reconstrucge-
ometrically correctandvisually pleasingsurfacemodels. This taskis accomplishedy a densedisparity
matchingthatestimatesorrespondencdsom the grey level imagesdirectly by exploiting additionalgeo-
metricalconstraints.

This chaptelis organizedasfollows. In a rst sectionrecti cation is discussedThis makesit possible
to use standardstereomatchingtechniqueson image pairs. Stereomatchingis discussedn a second
section. Finally a multi-view approactthat allows to integratethe resultsobtainedfrom several pairsis
presented.

7.1 Image pair recti cation

Thestereamatchingproblemcanbesolvedmuchmoreef ciently if imagesarerecti ed. Thisstepconsists
of transformingthe imagesso thatthe epipolarlines arealignedhorizontally In this casestereomatch-
ing algorithmscan easily take advantageof the epipolarconstraintand reducethe searchspaceto one
dimension(i.e. correspondingows of therecti ed images).

Thetraditionalrecti cation schemeonsistof transformingheimageplanessothatthecorresponding
spaceplanesarecoinciding[4]. Thereexistmary variantsof thistraditionalapproache.g.[4, 29, 96,179),
it wasevenimplementedn hardware[15]. Thisapproactiails whentheepipolesarelocatedin theimages
sincethiswould haveto resultsin in nitely largeimages.Evenwhenthisis notthe casetheimagecanstill
becomeverylarge(i.e. if theepipoleis closeto theimage).

Roy etal. [128] proposeda methodto avoid this problem,but their approactis relatively complex and
shavssomeproblems RecentlyPollefeysetal. [106] proposedisimplemethodwhich guaranteeminimal
imagesizeandworksfor all possiblecon guration. This methodwill bepresentedn detailfurtheron, but

rst thestandarcplanarrecti cation is brie y discussed.

7.1.1 Planar recti cation

The standardrecti cation approachs relatively simple. It consistsof selectinga planeparallelwith the
baseline.The two imagearethenreprojectednto this plane. This is illustratedin Figure7.1. Thesenewn

imagessatisfythe standardstereosetup. The differentmethodsfor recti cation mainly differ in how the
remainingdegreesof freedomarechosenln thecalibratedcaseonecanchoosahedistancdrom theplane
to thebaselinesothatno pixelsarecompresseduringthewarpingfrom theimagego therecti ed images
andthe normalon the planecanbe chosenin the middle of thetwo epipolarplanescontainingthe optical
axes.In theuncalibrateadtasethechoiceis lessobvious. Severalapproachewereproposede.g.[29, 179).

65
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Figure7.1: Planarrecti cation: aretherecti ed imagesfor the pair (theplane  should
be parallelto the baseline ).

7.1.2 Polar recti cation

Herewe presenta simplealgorithmfor recti cation which candealwith all possiblecamerageometries.
Only the orientedfundamentamatrix is required.All transformationgredonein theimages.Theimage
sizeis assmallascanbeachiezedwithoutcompressingartsof theimages.Thisis achiezedby preserving
thelengthof the epipolarlinesandby determininghe width independentlyor every half epipolarline.

For traditionalsterecapplicationghe limitations of standardecti cation algorithmsarenot soimpor-
tant. Themaincomponenbf cameradisplacemenis parallelto theimagesfor classicakterecsetups.The
limited vergencekeepsthe epipolesfar from theimages. New approache@ uncalibratedstructureand
motion as presentedn this text however malke it possibleto retrieve 3D modelsof scenesacquiredwith
hand-heldcamerasin this caseforward motion canno longerbe excluded. Especiallywhena streetor a
similarkind of scenes considered.

Epipolar geometry

The epipolargeometrydescribeghe relationsthat exist betweentwo images. The epipolargeometryis
describedy thefollowing equation:
(7.1)

where and arehomogeneourepresentationsf correspondingmagepointsand  is thefundamental
matrix. This matrix hasrank two, the right andleft null-spacecorrespondo the epipoles and which
arecommonto all epipolarlines. The epipolarline correspondingo a point is givenby with

meaningequalityup to anon-zeroscalefactor(a strictly positive scalefactorwhenorientedgeometryis
used seefurther).

Epipolar line transfer Thetransferof correspondingpipolarlinesis describedy thefollowing equa-
tions:
or (7.2)

with  ahomographyor anarbitraryplane.As seenin [83] avalid homographycanbe obtainedmmedi-
atelyfrom thefundamentamatrix:
(7.3)

with arandomvectorfor which det sothat isinvertible. If onedispose®f camergorojection
matricesanalternatve homographys easilyobtainedas:

(7.4)
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Figure7.2: Epipolargeometrywith theepipoledn theimages Notethatthematchingambiguityis reduced
to half epipolarlines.

Figure7.3: Orientationof the epipolarlines.

where indicateshe Moore-Penrospseuddnverse.

Orienting epipolar lines Theepipolarlinescanbeorientedsuchthatthe matchingambiguityis reduced
to half epipolarlinesinsteadof full epipolarlines. Thisis importantwhentheepipoleis in theimage.This
factwasignoredin theapproactof Roy etal. [128].

Figure 7.2 illustratesthis concept. Pointslocatedin the right halves of the epipolarplaneswill be
projectedon theright partof theimageplanesanddependingn the orientationof the imagein this plane
thiswill correspondo theright or to theleft partof the epipolarlines. Theseconceptareexplainedmore
in detailin thework of Laveau[76] on orientedprojective geometry(seealso[47]).

In practicethis orientationcanbe obtainedasfollows. Besideshe epipolargeometryonepoint match
is needed(note that 7 or more matcheswere neededanyway to determinethe epipolargeometry). An
orientedepipolarline separatetheimageplaneinto a positive anda negative region:

with (7.5)

Note that in this casethe ambiguityon s restrictedto a strictly positive scalefactor For a pair of
matchingpoints both and shouldhave the samesign. Since is obtainedfrom
throughequation(7.2), this allows to determinethe signof . Oncethis sign hasbeendeterminedhe
epipolarline transferis oriented.We take the corventionthatthe positive sideof the epipolarline hasthe
positive region of theimageto its right. Thisis clari ed in Figure7.3.
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Figure7.4: theextremeepipolarlinescaneasilybedeterminediependingn thelocationof theepipolein
oneof the9 regions. Theimagecornersaregivenby
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Figure 7.5: Determinationof the commonregion. The extremeepipolarlines areusedto determinethe
maximumangle.

Recti cation method

Thekey ideaof our new recti cation methodconsistof reparameterizintheimagewith polarcoordinates
(aroundthe epipoles).Sincethe ambiguitycanbereducedo half epipolarlinesonly positive longitudinal
coordinateshave to betakeninto account.The correspondindnalf epipolarlines aredeterminedhrough
equation(7.2) taking orientationinto account.

The rst stepconsistof determininghecommorregionfor bothimages.Then,startingfrom oneof the
extremeepipolarlines,therecti ed imageis built upline by line. If theepipoleis in theimageanarbitrary
epipolarline canbe chosenas startingpoint. In this caseboundaryeffectscanbe avoided by addingan
overlapof the sizeof the matchingwindow of the sterecalgorithm(i.e. usemorethan360degrees).The
distancebetweerconsecutie epipolarlinesis determinedndependentlyor every half epipolarline sothat
no pixel compressiomccurs.This non-linearwarpingallows to obtainthe minimal achievableimagesize
withoutlosingimageinformation.

Thedifferentstepsof this methodsaredescribednorein detailin thefollowing paragraphs.

Determining the commonregion Beforedeterminingthe commonepipolarlinesthe extremalepipolar
lines for a singleimage shouldbe determined. Theseare the epipolarlines that touch the outerimage
corners.Thedifferentregionsfor the positionof the epipolearegivenin Figure7.4. Theextremalepipolar
linesalwayspassthroughcornersof theimage(e.qg.if theepipole isinregionltheareabetween and
). Theextremeepipolarlinesfrom the secondmagecanbe obtainedthroughthe sameprocedure They
shouldthenbetransferedo the rst image.Thecommonregionis theneasilydeterminedasin Figure7.5

Determining the distancebetweenepipolar lines To avoid losing pixel informationthe areaof every
pixel shouldbe at leastpreseredwhentransformedo therecti ed image. Theworstcasepixel is always
locatedon the imageborderoppositeto the epipole. A simpleprocedurgo computethis stepis depicted
in Figure7.6. The sameprocedurecanbe carriedout in the otherimage.In this casethe obtainedepipolar
line shouldbetransferredackto the rst image.The minimumof bothdisplacementis carriedout.

Constructing the recti ed image Therecti ed imagesarebuilt uprow by row. Eachrow correspondso
acertainangularsector Thelengthalongtheepipolarline is presered. Figure7.7 clari es theseconcepts.
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Figure 7.6: Determiningthe minimum distancebetweentwo consecutie epipolarlines. On the left a
whole imageis shavn, on the right a magni cation of the areaaroundpoint is given. To avoid pixel
lossthe distance shouldbe at leastonepixel. This minimal distanceis easilyobtainedby usingthe
congruencef thetriangles  and . Thenew point is easilyobtainedrom thepreviousby moving
— pixels(down in this case).
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Figure7.7: Theimageis transformedrom (x,y)-spaceo (r, )-space.Notethatthe -axisis non-uniform
sothatevery epipolarline hasanoptimalwidth (this width is determinecbver thetwo images).

The coordinatef every epipolarline are sared in a list for later reference(i.e. transformatiorbackto
originalimages).Thedistanceof the rst andthelastpixelsarerememberedor every epipolarline. This
informationallows a simpleinversetransformatiorthroughthe constructedook-uptable.

Note that an upperboundfor the imagesizeis easily obtained. The heightis boundby the contour
of theimage . Thewidth is boundby the diagonal . Notethattheimagesize
is uniquelydeterminedvith our procedureandthatit is the minimumthat canbe achiezed without pixel
compression.

Transferring information back Informationaboutaspeci c pointin theoriginalimagecanbeobtained
asfollows. The informationfor the correspondingepipolarline canbe looked up from the table. The
distanceo the epipoleshouldbe computedandsubtractedrom thedistancedor the rst pixel of theimage
row. Theimagevaluescaneasilybeinterpolatedor higheraccurag.

To warp backa completeimagea moreef cient procedurehana pixel-by-pixel warpingcanbe de-
signed.Theimagecanbereconstructedadially (i.e. radarlike). All the pixelsbetweentwo epipolarlines
canthenbe lled in at oncefrom the informationthatis availablefor theseepipolarlines. This avoids
multiple look-upsin thetable.More detailson digital imagewarpingcanbefoundin [175].

7.1.3 Examples

As anexamplearecti ed imagepair from the Arenbeg castleis shavn for boththe standardecti cation
andthe new approach Figure7.8 shaws the original imagepair andFigure 7.9 shavs therecti ed image
pair for bothmethods.

A secondexampleshows thatthemethodworks properlywhentheepipoleis in theimage.Figure7.10
shaws thetwo originalimageswhile Figure7.11shavs thetwo recti ed images.In this casethe standard
recti cation procedurecannotdeliver recti ed images.
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Figure7.8: Imagepair from an Arenbeg castlein Leuvenscene.

Figure7.9: Recti ed imagepair for bothmethods standarchomographypasednethod(top), nev method
(bottom).
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Figure7.10: Imagepair of the authors deska few daysbeforea deadline. The epipoleis indicatedby a
white dot (top-rightof "Y' in 'V OLLEYBALL).

A stereomatchingalgorithmwas usedon this image pair to computethe disparities. The raw and
interpolateddisparitymapscanbeseenin Figure7.12.Figure7.13shovsthedepthmapthatwasobtained.
Notefrom thesemageshatthereis animportantdepthuncertaintyaroundthe epipole.In facttheepipole
forms a singularity for the depthestimation. In the depthmap of Figure 7.13 an artifact can be seen
aroundthe positionof theepipole.Theextendis muchlongerin onespeci ¢ directiondueto the matching
ambiguityin this direction(seethe originalimageor the middle-rightpartof therecti ed image).

7.2 Stereomatching

Stereomatchingis a problemthat hasbeenstudiedover several decadesn computervision and mary
researcherbave worked at solvingit. The proposedapproachesanbe broadly classi ed into feature-
andcorrelation-basedpproachef24]. Someimportantfeaturebasedapproachesvere proposedy Marr
and Poggio[86], Grimson[40], Pollard, MayhemandFrisby [98] (all relaxationbasedmethods),Gim-
mel'Farb[38] andBakerandBinford [6] andOhtaandKanade[94] (usingdynamicprogramming).

Successfutorrelationbasedapproachesverefor exampleproposedyy OkutomiandKanade[95] or
Cox et al.[16. The latter wasrecentlyre ned by Koch [69] and Falkenhager{25, 26]. It is this last
algorithmthatwill be presentedn this section.Anotherapproachasedon optical o w wasproposedy
Proesmanstal. [125].

7.2.1 Exploiting sceneconstraints

Theepipolarconstraintestrictsthe searclrangefor acorrespondingoint  in oneimageto theepipolar
line in theotherimage.It imposesorestrictionsontheobjectgeometryotherthatthereconstructedbject
point laysontheline of sight from the projectioncenterof andthroughthe correspondingpoint

asseenin Figure7.14(left). The searchor the correspondingpoint s restrictecto the epipolarline
but no restrictionsareimposedalongthe searcHine.

If we now think of the epipolarconstraintas being a planespanneddy the line of sight andthe
baselineconnectinghe camergprojectioncentersthenwe will nd the epipolarline by intersectingthe
imageplane with this epipolarplane.

This planealsointersectghe imageplane andit cutsa 3D pro le out of the surfaceof the scene
objects.Thepro le projectsontothe correspondingepipolarlinesin  and whereit formsanordered
setof neighboringcorrespondenceasindicatedin Figure7.14(right).

For well behared surfacesthis orderingis presered and deliversan additionalconstraintknown as
‘ordering constraint'. Sceneconstraintdik e this canbe appliedby makingweakassumptionsboutthe
objectgeometry In mary real applicationsthe obsened objectswill be opaqueand composedout of
piecavise continuoussurfaces.If this restrictionholdsthenadditionalconstraintscanbeimposedon the
correspondencestimation. Koschan[74 listed as mary as 12 differentconstraintsfor correspondence
estimationin steregpairs. Of them,the mostimportantapartfrom the epipolarconstraintare:

1. Ordering Constraint: For opaquesurfacesthe order of neighboringcorrespondencesn the cor
respondingepipolarlinesis alwayspresered. This orderingallows the constructionof a dynamic
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Figure7.11: Recti ed pair of imagesof thedesk. It canbeveri ed visually thatcorrespondingpointsare
locatedon correspondingmagerows. Theright sideof theimagescorrespondso theepipole.

programmingchemavhichis employedby mary denselisparityestimatioralgorithmg38, 16, 26].

. Unigquenes<onstraint: The correspondencletweenary two correspondingpointsis bidirectional

aslong asthereis no occlusionin one of the images. A correspondenceector pointing from an
imagepointto its correspondingpointin the otherimagealwayshasa correspondingeversevector
pointingback. This testis usedto detectoutliersandocclusions.

. DisparityLimit: Thesearctbandis restrictedalongtheepipolarline becaus¢he obsenedscenehas

only alimited depthrange(seeFigure7.14,right).

. Disparity continuity constraint: The disparitiesof the correspondencegary mostly continuously

and stepedgesoccuronly at surfacediscontinuities. This constraintrelatesto the assumptiorof

piecavisecontinuoussurfaces It providesmeango furtherrestrictthesearctrange.For neighboring
imagepixels alongthe epipolarline onecanevenimposean upperboundon the possibledisparity
change Disparity changesbove theboundindicatea surfacediscontinuity

All above mentionedconstraintsoperatealongthe epipolarlines which may have an arbitrary orien-

tationin theimageplanes.The matchingproceduras greatlysimpli ed if theimagepair is recti ed to a
standardyeometry How this canbe achievedfor anarbitraryimagepair is explainedin the Section7.1.2.
In standardyeometnbothimageplanesarecoplanamandtheepipolesareprojectedoin nity . Therecti ed
imageplanesareorientedsuchthattheepipolarlinescoincidewith theimagescanlines. This corresponds
to a camerdranslatedn the directionof the -axisof theimage.An exampleis shovnin gure 7.15.1n
this casetheimagedisplacementbetweerthetwo imagesor disparitiesarepurelyhorizontal.
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Figure7.12: Raw andinterpolateddisparityestimatedor thefarimageof the deskimagepair.

Figure7.13: Depthmapfor thefarimageof the deskimagepair.

7.2.2 Constrained matching

For densecorrespondencmatchinga disparity estimatorbasedon the dynamicprogrammingschemeof
Cox et al. [16], is employed that incorporateghe abose mentionedconstraints. It operateson recti ed

imagepairswherethe epipolarlines coincidewith imagescanlines. The matchersearchest eachpixel
in image for maximumnormalizedcrosscorrelationin by shifting a small measurementvindow
(kernelsize 5x5 or 7x7) alongthe correspondingscanline. The selectedsearchstepsize (usually
1 pixel) determineghe searctresolutionandthe minimum and maximumdisparity valuesdeterminethe
searctregion. Thisis illustratedin Figure7.16.

Matchingambiguitiesareresolhed by exploiting the orderingconstraintin the dynamicprogramming
approach69]. The algorithmwasfurtheradaptedo employ extendedneighborhoodelationshipsanda
pyramidal estimationschemeto reliably dealwith very large disparityrangesof over 50% of theimage
size[26]. Theestimatds storedin a disparitymap with oneof thefollowing values:

—avalid correspondence ,

—anundetectedearcHailurewhichleadsto anoutlier,

—adetectedsearchailurewith no correspondence.

A con dencevalueis kept togetherwith the correspondencthat tells if a correspondence valid



74 CHAPTER7. DENSEDEPTHESTIMATION
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Figure7.14: Objectpro le triangulationfrom orderedneighboringcorrespondenceg#eft). Recti cation
andcorrespondenceetweerviewpoints and (right).

Figure7.15: Standardsterecsetup
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Figure7.16: Cross-correlatiotior two correspondingepipolarlines (light meanshigh cross-correlation).
A dynamicprogrammingapproachs usedto estimatethe optimalpath.
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and how goodit is. The con denceis derived from the local imagevarianceand the maximumcross

correlation[73. To furtherreducemeasuremerdutlierstheuniquenessonstrainis employedby estimat-

ing correspondencdsidirectionally . Only theconsistentorrespondencesith
arekeptasvalid correspondences.

7.3 Multi-view stereo

The pairwisedisparity estimationallows to computeimageto imagecorrespondencdsetweenadjacent
recti ed imagepairs,andindependentepthestimategor eachcameraviewpoint. An optimaljoint esti-
matewill be achieved by fusing all independengestimatesnto a common3D model. The fusion canbe
performedin an economicaway throughcontrolledcorrespondencknking asdescribedn this section.
The approachutilizes a e xible multi-viewpoint schemeby combiningthe advantagesf small baseline
andwide baselinestereo.

As small baselinestereo we de ne viewpointswherethe baselines muchsmallerthanthe obsened
averagescenedepth. This con gurationis usuallyvalid for imagesequenceseretheimagesaretakenas
aspatialsequencérom mary slightly varyingview-points. Theadvantageg+) anddisadwantageg-) are

+ easycorrespondencestimation sincethe views aresimilar,

+ smallregionsof viewpointrelatedocclusions,

—smalltriangulationangle hencedargedepthuncertainty

Thewide baselinestereoin contrastis usedmostlywith still imagephotograph®f a scenevherefew
imagesaretakenfrom avery differentviewpoint. Herethe depthresolutionis superiorbut correspondence
andocclusionproblemsappear:

—hardcorrespondencestimation sincethe views arenot similar,

—largeregionsof viewpointrelatedocclusions,

+ big triangulationangle,hencehigh depthaccurag.

The multi-viewpoint linking combinesthe virtues of both approaches.In additionit will produce
densedepthmapsthaneitherof the othertechniquesandallows additionalfeaturedor depthandtexture
fusion. Advantagesre:

+ very densedepthmapsfor eachviewpoint,

+ no viewpointdependenbcclusions,

+ highestdepthresolutionthroughviewpoint fusion,

+ textureenhancemer{ineantexture, highlight removal, supefresolutiontexture).

7.3.1 Correspondencd.inking Algorithm

The correspondencknking is describedn this section. It concatenatesorrespondingmagepointsover
multiple viewpoints by correspondencteracking over adjacentimagepairs. This of courseimplies that
the individually measuregair matchesare accurate. To accountfor outliersin pair matchessomero-

bust control stratgiesneedto be employedto checkthe validity of the correspondenclinking. Consider

animagesequenceaken from viewpoints. Assumethat the sequencés taken by a camera
moving sidevayswhile keepingthe objectin view. For ary view point let usconsiderthe imagetriple
. Theimagepairs( , Jand( , ) form two stereoscopiémagepairswith cor-

respondencestimatesasdescribedcabore. We have now de ned 3 representationsf imageandcamera
matricesfor eachviewpoint: the originalimage andprojectionmatrix , their transformedversions
recti ed towardsview point with transformation andthetransformed
recti ed towardsviewpoint with mapping . The Disparitymap holdsthedownward
correspondencesom to while the map containsthe upward correspondencesom
to . We cannow createtwo chainsof correspondencknks for animagepoint , oneup and
onedown theimageindex

1As view point relatedocclusionswe considerthosepartsof the objectthat are visible in oneimageonly, dueto objectself-
occlusion.
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Upwardslinking:
Downwardslinking:

Thislinking processs repeatedlongtheimagesequencéo createa chainof correspondencegpwards
and downwards. Every correspondencénk requires2 mappingsand 1 disparity lookup. Throughout
the sequencef N images, disparity mapsare computed. The multi-viewpoint linking is then
performedef ciently via fastlookupfunctionson the pre-computeestimates.

Dueto therecti cation mappingtransformedmagepoint will normally not fall on integer pixel co-
ordinatesin the recti ed image. The lookup of animagedisparityin the disparitymapD will therefore
requireaninterpolationfunction. Sincedisparitymapsfor piecavise continuoussurfaceshave a spatially
low frequeny content,a bilinearinterpolationbetweerpixelssufces.

Occlusionsand visibility

In atriangulationsensomith two viewpoints and two typesof occlusionoccurt If partsof theobjectare
hiddenin bothviewpointsdueto objectself-occlusionthenwe speakof object occlusionswhich cannotbe
resolhedfrom thisviewpoint. If asurfaceregionis visiblein viewpoint butnotin , wespeakof ashadav

occlusion Theregionshave a shadev-like appearancef unde neddisparityvaluessincethe occlusions
atview castashadov ontheobjectasseenfrom view . Shadaev occlusionsarein factdetectedby the
uniquenesgonstraintdiscussedn section7.2. A solutionto avoid shadav occlusionsis to incorporate
a symmetricalmulti-viewpoint matcherasproposedn this contribution. Pointsthatare shadevedin the
(right) view arenormally visible in the (left) view andvice versa. The exploitation of up-

anddown-links will resohe for mostof the shadev occlusions.A helpful measuren this context is the
visibility V thatde nes for a pixel in view the maximumnumberof possiblecorrespondences the
sequence. is causedy a shadev occlusion, allows a depthestimate.

Depth estimationand outlier detection

Caremustbe takento excludeinvalid disparity valuesor outliersfrom the chain. If aninvalid disparity
valueis encounteredhechainis terminatedmmediately Outliersaredetectedy controllingthestatistics
of the depthestimatecomputedirom the correspondencesnliers will updatethe depthestimateusinga
1-D Kalman lter.

Depth and uncertainty Assumea 3D surfacepoint thatis projectedonto its correspondingmage
points . Theinverseprocessholdsfor triangulating from the correspondingpoint
pair . We canin factexploit the calibratedcamerageometryandexpressthe 3D point asadepth
value alongtheknownline of sight  thatextendsfrom thecameragrojectioncenterthroughtheimage
correspondence . Triangulationcomputeshedepthasthelengthof ~ connectinghecamerarojection
centerandthe locusof minimum distancebetweerthe correspondindines of sight. The triangulationis
computedor eachimagepointandstoredin adensedepthmapassociateavith the viewpoint.

The depthfor eachreferencemagepoint  is improved by the correspondencknking thatdelivers
two lists of imagecorrespondenceelative to thereferencepnelinking down from andonelinking
up from . For eachvalid correspondingpoint pair we cantriangulatea consistendepth
estimate along with  representinghe depthuncertainty Figure 7.17(left) visualizesthe
decreasinguncertaintyinterval during linking. While the disparity measurementesolution in the
imageis keptconstan{at 1 pixel), thereprojectedleptherror  decreasewith thebaseline.

Outlier detectionand inlier fusion As measurementoisewe assumea contaminatedsaussiardistri-
bution with amainpeakwithin asmallinterval (of 1 pixel) anda small percentagef outliers. Inlier noise
is causeddy thelimited resolutionof the disparitymatcherandby the interpolationartifacts. Outliersare
undetectectorrespondenctailuresand may be arbitrarily large. As thresholdto detectthe outlierswe
utilize the depthuncertaintyinterval . Thedetectionof anoutlierat terminateghelinking at

All depthvalues areinlier depthvaluesthatfall within the uncertaintyinterval around
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Figure 7.17: Depth fusion and uncertaintyreductionfrom correspondencénking (left). Detectionof
correspondencautliersby depthinterval testing(right).

the meandepthestimate.They arefusedby a simple 1-D kalman lter to obtainan optimal meandepth
estimate.

Figure7.17(right)explainsthe outlier selectiorandlink terminationfor the up-link. The outlier detec-
tion schemeds not optimalsinceit relieson the positionof the outlierin thechain. Valid correspondences
behindtheoutlierarenotconsiderecinymore.It will, however, alwaysbeasgoodasa singleestimateand
in generakuperiorto it. In addition,sincewe processidirectionallyup- anddown-link, we alwayshave
two correspondencehainsto fusewhich allows for oneoutlier perchain.

7.3.2 Someresults

In this sectionthe performancef thealgorithmis testedonthetwo outdoorsequence€astleandFountain

Castlesequence The Castlesequenceonsistf imagesof 720x576pixel resolutiontakenwith a stan-
dard semi-professionatamcordeithat was movedfreely in front of a building. The quantitatie perfor
manceof correspondencknking canbetestedin differentways. Onemeasurealreadymentioneds the
visibility of anobjectpoint. In connectiorwith correspondencknking, we have de ned visibility as
thenumberof views linkedto thereferenceview. Anotherimportantfeatureof thealgorithmis thedensity
andaccurag of the depthmaps.To describéts improvementover the 2-view estimatoywe de ne the |l
rate andtheaveragerelative deptherror asadditionalmeasures.

Visibility . averagenumberof views linkedto thereferencamage.
. Numberof valid pixels
Fill Rate Totalnumberof pixels
Depth error . standardeviation of relative deptherror  for all valid pixels.

The 2-view disparity estimatoris a specialcaseof the proposedinking algorithm, henceboth can
be comparedon an equalbasis. The 2-view estimatoroperateson the imagepair only, while
the multi-view estimatoroperateon a sequence with . Theabove de ned statistical
measuresrerecomputedor differentsequencéngthsN. Figure7.18displaysvisibility andrelative depth
errorfor sequencefrom 2 to 15 images,chosersymmetricallyaroundthe referencémage. The average
visibility  shawvsthatfor upto 5 imagesnearlyall views areutilized. For 15imagesataveraged images
arelinked. Theamountof linking is re ectedin therelative deptherrorthatdropsfrom 5% in the 2 view
estimatorto aboutl.2%for 15images.

Linking two views is the minimum casethat allows triangulation. To increasethe reliability of the
estimatesa surfacepoint shouldoccurin morethantwo images. We canthereforeimposea minimum
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Figure7.18: Statisticsof the castlesequenceln uence of sequencéength  onvisibility  andrelative
deptherror . (left) In uence of minimum visibility on Il rate anddeptherror for
(center). Depthmap (above: dark=neaylight=far) and error map (belown: dark=lage error, light=small
error)for and (right).

visibility on a depthestimate. This will rejectunreliabledepthestimateseffectively, but will also
reducethe Il rateof thedepthmap.

The graphsin gure 7.18(centershown the dependeng of the Il rate and deptherror on minimum
visibility for N=11. The Il ratedropsfrom 92% to about70%, but at the sametime the deptherroris
reducedo 0.5%dueto outlier rejection. The depthmapandthe relative error distribution over the depth
mapis displayedn Figure7.18(right). Theerrordistribution shovs a periodicstructurethatin factre ects
the quantizationuncertaintyof the disparity resolutionwhenit switchesfrom onedisparity valueto the
next.

Fountain sequence The Fountainsequenceonsistof 5 imagesof the backwall of the UpperAgoraat
thearchaeologicasite of Sagalassoim Turkey, takenwith adigital camerawith 573x764pixel resolution.
It shawvs aconcaity in which oncea statuewassituated.

N[view]
2 2 89.8728| 0.294403
3 2.85478 | 96.7405| 0.208367
5 4.23782 | 96.4774| 0.121955

Table7.1: Statisticsof thefountainsequencéor visibility , Il rate anddeptherror

The performancecharacteristicare displayedin the table 7.1. The Il rateis high andthe relative
erroris ratherlow becausef afairly wide baselinebetweenviews. Thisis re ectedin the high geometric
quality of depththe mapandthe reconstruction.Figure 7.19 shows from left to right imagesl and3 of
the sequencethe depthmapascomputedwith the 2-view estimatoy andthe depthmapwhenusingall 5
images. The white (unde ned)regionsin the 2-view depthmaparedueto shadev occlusionswvhich are
almostcompletelyremovedin the 5-view depthmap.Thisis re ectedin the Il ratethatincrease$rom 89
to 96%. It shouldbe notedthatfor this sequence very large searchrangeof 400 pixelswasused,which
is over 70% of theimagewidth. Despitethis large searclrangeonly few matchingerrorsoccurred.
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Figure7.19: Firstandlastimageof fountainsequencéleft). Depthmapsfrom the 2-view andthe 5-view
estimator(from left to right) shaving thevery densedepthmaps(right).
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7.4 Conclusion

In this chaptemwe presenteé schemeahatcomputesienseandaccuratedepthmapsbasednthesequence
linking of pairwiseestimateddisparitymaps. First a matchingalgorithmwas presentedvhich computes
correspondingointsfor animagepairin standardstereacon guration. Thenit wasexplainedhow images
canberecti ed sothatary pairof imagescanbebroughtto this con guration. Finally amulti-view linking
approactwaspresenteavhichallowsto combinetheresultsto obtainmoreaccuratenddenselepthmaps.
The performanceanalysisshaved that very densedepthmapswith Il ratesof over 90 % anda relative
deptherrorof 0.1%canbemeasuredvith off-the-shelfcameragvenin unrestrictedutdoorervironments

suchasanarchaeologicasite.
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Chapter 8

Modeling

In thepreviouschapterave have seerhow theinformationneededo build a 3D modelcouldautomatically
be obtainedfrom images. This chapterexplainshow this informationcanbe combinedto build realistic
representationsf thescenelt is notonly possibleto generate surfacemodelor volumetricmodeleasily
but all thenecessarinformationis availableto build light eld modelsor evenaugmentedideosequences.
Thesedifferentcasewill now be discussedn moredetail.

8.1 Surfacemodel

The 3D surfaceis approximatecdby a triangularmeshto reducegeometriccompleity andto tailor the
model to the requirementof computergraphicsvisualizationsystems. A simple approachconsistsof
overlayinga 2D triangularmeshon top of theimageandthenbuild a correspondin@D meshby placing
the verticesof the trianglesin 3D spaceaccordingto the valuesfoundin the depthmap. To reducenoise
it is recommendetb rst smooththe depthimage(the kernelcanbe choserof the samesizeasthe mesh
triangles).Theimageitself canbe usedastexture map(thetexture coordinatesretrivially obtainedasthe
2D coordinate®f thevertices).

It canhappenthatfor someverticesno depthvalueis available or thatthe con denceis too low (see
Section7.2.2). In thesecaseghe correspondingrianglesare not reconstructedThe samehappensvhen
trianglesare placedover discontinuities. This is achiezed by selectinga maximumangle betweenthe
normalof atriangleandtheline of sightthroughits center(e.g.85 degrees).

This simpleapproactworksvery well on the depthmapsobtainedafter multi-view linking. Onsimple
stereadepthmapsit is recommendetb usea moreadvancedechniquedescribedn [73]. In this casethe
boundarie®f theobjectsto bemodeledarecomputedhroughdepthsggmentationin a rst step,anobject
is de ned asaconnectedegionin space Simplemorphologicalltering removesspuriousandvery small
regions. Thena boundeahin plate modelis employed with a secondordersplineto smooththe surface
andto interpolatesmallsurfacegapsin regionsthatcouldnotbe measured.

The surfacereconstructiorapproachss illustratedin Figure 8.1. The obtained3D surfacemodelis
shawn in Figure8.2 with shadingandwith texture. Note thatthis surfacemodelis reconstructedrom the
viewpointof areferencemage.If thewholescenecannotbe seenfrom oneimage,it it necessaryo apply
atechniqueo fusedifferentsurfacesogether(e.g.[162, 19]).

8.1.1 Texture enhancement

The correspondencknking builds a controlledchainof correspondencebat canbe usedfor texture en-
hancemenaswell. At eachreferencepixel onemay collecta sortedlist of imagecolor valuesfrom the
correspondingmagepositions.This allows to enhancéhe original texturein mary wayshy accessinghe
color statistics.Somefeatureghatarederivednaturallyfrom thelinking algorithmare:
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Figure 8.1: Surfacereconstructiorapproach:A triangularmesh(left) is overlaid on top of the image
(middle). Theverticesareback-projectedn spaceaccordingto thevaluefoundin thedepthmap(right).

Figure8.2: 3D surfacemodelobtainedautomaticallyfroman uncalibratedimage sequenceshadedleft),
textured (right).
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Figure8.3: close-upview (left), 4x zoomedoriginal region (top-right),generatiorof median- Iteredsuper
resolutiontexture (bottom-right).

Highlight andre ection removal : A medianor robustmeanof thecorrespondingexturevaluesis com-
putedto discardimagingartifactslik e sensomnoise,speculare ectionsandhighlights[93. An exampleof
highlightremovaliis shavn in Figure8.3.

Superresolutiontexture : The correspondencknking is not restrictedto pixel-resolution sinceeach
sub-pixel-positionin thereferencémagecanbeusedto starta correspondencehain. The correspondence
valuesare queriedfrom the disparity mapthroughinterpolation. The objectis viewed by mary cameras
of limited pixel resolution,but eachimagepixel grid will in generalbe slightly displaced. This canbe
exploitedto createsuperresolutiontexture by fusingall imagesona ner resamplinggrid[61].

Bestview selectionfor highesttexture resolution : For eachsurfaceregion arounda pixel theimage
which hasthe highestpossibletexture resolutionis selected basedon the object distanceand viewing
angle.Thecompositdmagetakesthe highestpossibleresolutionfrom all imagesinto account.

Example

We haverecordeda shortvideosequencé&om a medusaieaddecoratinganancientfountainin Sagalassos
(anancientcity in Turkey). The20secondvideosequencavasrecordedvith a hand-heldconsumewideo
camera(Sory TRV-900). Eachtwentiestframe was usedas a key-frame by our video to 3D processing
pipeline. Threeof theseframesareseenon thetop partof Figure8.4. The computestructureandmotionis
alsoseenin this gure (middle-left). Thecameraviewpointsarerepresentetly smallpyramids.Thedepth
mapusedto constructhe 3D modelis seenon the middle-rightof the gure. Finally, themodel-with and
without texture- is seenat the bottomof the gure. Fromthe shadednodelonecanseethatmostof the
geometricdetail is accuratelyrecovered. By usingtheimageitself astexture mapa photorealistionodel
is obtained.Note from therightmostview thatthe 3D modelallows to rendermrealisticviews thatarevery
differentfrom the original views.

8.1.2 Volumetric integration

To generatea complete3D modelfrom differentdepthmapswe proposeto usethe volumetricintegration
approaclof CurlessandLevoy [19]. Thisapproachs describedn this section.
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Figure8.4: 3D modelof a decoratve Medusaheadrecordedat the ancientsite of Sagalassos Turkey.
Top: 3 views of the original video, middle: reconstructiorof 3D featurepointswith computedcamera
motionfor thekeyframesandoneof thecomputeddepth/rangémagesbottom: shadedandtexturedviews
of therecovered3D model.



8.1. SURFACE MODEL 87

Depth surface

Far

g

Camera

new surfact
estimate

Figure8.5: Unweightedsigneddistanceunctionsin 3D. (a) A camerdooking down thex-axisobsenesa
depthimage,shavn hereasareconstructedurface.Following oneline of sightdown the x-axis,a signed
distancefunctionasshovn canbe generatedThe zero-crossingf this functionis a point on the surface.
(b) Anotherdepthmapyieldsa slightly differentsurfacedueto noise.Following the sameline of sightas
before,we obtainanothersigneddistancgunction. By summingthesefunctions,we arrive atacumulative
functionwith anew zero-crossingositionedmidway betweerthe original rangemeasurements.

Thealgorithmemploysacontinuousgmplicit function, , representetly samplesThefunctionwe
represenis the weightedsigneddistanceof eachpoint to the nearestangesurfacealongtheline of sight
to the sensor We constructthis function by combiningsigneddistancefunctions,
andweightfunctions obtainedrom the depthmapsfor thedifferentimages.The
combiningrules gives a cumulative signeddistancefunction for eachvoxel, , and a cumulative
weight . Thesefunctionsarerepresentedn a discretevoxel grid andanisosurficecorrespondingo

is extracted.Undera certainsetof assumptionsthis isosurficeis optimalin the leastsquares
sensg18].

Figure8.5illustratestheprincipleof combiningunweightedsigneddistancegor thesimplecaseof two
rangesurfacessampledfrom the samedirection. Note thatthe resultingisosurficewould be the surface
createdby averagingthetwo rangesurfacesalongthesensors lines of sight. In generalhowever, weights
arenecessaryo represenvariationsin certaintyacrosshe rangesurfaces.The choiceof weightsshould
be speci ¢ to the depthestimationprocedure.lt is proposedo make weightsdependon the dot product
betweereachvertex normalandthe viewing direction,re ecting greateruncertaintywhenthe obsenation
is atgrazinganglego thesurface,asSoug [138] proposedor opticaltriangulationscannersDepthvalues
atthe boundarie®f ameshtypically have greatemuncertaintyrequiringmoredown-weighting.

Figure8.6illustratesthe constructiorandusageof the signeddistanceandweightfunctionsin 1D. In
Figure 8.6a,the sensoiis positionedat the origin looking down the +x axis and hastaken two measure-
ments, and . Thesigneddistancepro les, and mayextendinde nitely in eitherdirection,
but theweightfunctions, and , taperoff behindtherangepointsfor reasongliscussedbelow.

Figure8.6bis theweightedcombinatiorof thetwo pro les. Thecombinatiorrulesarestraightforvard:

(8.1)

(8.2)

where, and arethe signeddistanceandweightfunctionsfrom theith rangeimage.Expressed
asanincrementatalculationtherulesare:

(8.3)
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Figure8.6: Signeddistanceandweightfunctionsin onedimension.(a) The sensofooks down the x-axis
andtakestwo measurements, and . and are the signeddistancepro les, and

and arethe weightfunctions. In 1D, we might expecttwo sensormeasurement® have the same
weightmagnitudesbut we have shavn themto beof differentmagnitudehereto illustratehow the pro les

combinein thegenerakase.(b) is aweightedcombinatiorof and ,and isthesum
of theweightfunctions. Giventhis formulation,the zero-crossing, , becomeghe weightedcombination
of and andrepresentsurbestguesof thelocationof thesurface.ln practicewetruncatethedistance
rampsandweightsto thevicinity of therangepoints.

(8.4)

where and arethe cumulative signeddistanceandweight functionsafterintegratingtheith
rangeimage. In the specialcaseof one dimension,the zero-crossingf the cumulatve functionis ata
range,R givenby:

N (8.5)

i.e., a weightedcombinationof the acquiredrangevalues,which is what one would expectfor a least
squaresninimization.

In principle, the distanceandweightingfunctionsshouldextendinde nitely in eitherdirection. How-
ever, to prevent surfaceson oppositesidesof the objectfrom interferingwith eachother we force the
weighting function to taperoff behindthe surface. Thereis a trade-of involvedin choosingwherethe
weightfunctiontapersoff. It shouldpersistfar enoughbehindthe surfaceto ensurghatall distanceramps
will contributein thevicinity of the nal zerocrossingput, it shouldalsobe asnarrav aspossibleto avoid
in uencing surfaceson the otherside. To meettheserequirementsye force the weightsto fall off ata
distancesqualto half the maximumuncertaintyinterval of the depthmeasurementsSimilarly, the signed
distanceandweightfunctionsneednot extendfar in front of the surface. Restrictingthe functionsto the
vicinity of the surfaceyields a more compactrepresentatiomnd reduceshe computationakxpenseof
updatingthevolume.

In two andthreedimensionsthe depthmeasurementsorrespondo curvesor surfaceswith weight
functions,andthe signeddistancerampshave directionsthatare consistentvith the primary directionsof
sensomncertainty

For threedimensionsye cansummarizeahewholealgorithmasfollows. First, we setall voxel weights
to zero,sothatnew datawill overwritetheinitial grid values.Thesigneddistancecontributionis computed
by makingthe differencebetweenthe depthreadout at the projectionof the grid point in the depthmap
andthe actualdistancebetweerthe point andthe camergorojectioncenter Theweightis obtainedrom a
weightmapthathasbeenprecomputedHaving determinedhe signeddistanceandweightwe canapply
theupdateformulaedescribedn equationg8.3)and(8.4).

At ary pointduringthe memging of therangeimageswe canextractthe zero-crossingsosuracefrom
the volumetricgrid. We restrictthis extraction procedureto skip sampleswith zeroweight, generating
trianglesonly in theregionsof obseneddata. The procedurausedfor thisis marchingcubeg81].
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Figure8.7: The 14 differentcon gurationsfor marchingcubes.

Mar ching cubes MarchingCubess analgorithmfor generatingsosurbicesrom volumetricdata.If one
or morevoxelsof a cubehave valueslessthanthe targetedisovalue,andone or morehave valuesgreater
thanthis value, we know the voxel mustcontritute somecomponenof the isosuriice. By determining
which edgesof the cubeareintersectedy theisosurfice,triangularpatchesanbe createdwhich divide
the cubebetweenregionswithin the isosurbiceandregionsoutside. By connectingthe patchesrom all
cubesontheisosuriceboundarya surfacerepresentatiors obtained.

Therearetwo major component®f this algorithm. The rst is decidinghow to de ne the sectionor
sectionsof surfacewhich chop up anindividual cube. If we classify eachcorneraseither being below
or above the isovalue, thereare 256 possiblecon gurationsof cornerclassi cations. Two of theseare
trivial; whereall pointsareinside or outsidethe cubedoesnot contritute to the isosurfice. For all other
con gurationswe needto determinewhere,alongeachcubeedge,the isosurbicecrossesandusethese
edgeintersectiorpointsto createoneor moretriangularpatchedor theisosurfce.

If youaccounfor symmetriestherearereally only 14 uniquecon gurationsin theremaining254 pos-
sibilities. Whenthereis only onecornerlessthantheisovalue,thisformsasingletrianglewhichintersects
the edgeswhich meetat this corner with the patchnormalfacingaway from the corner Obviously there
are 8 relatedcon gurationsof this sort. By reversingthe normalwe get 8 con gurationswhich have 7
cornerslessthantheisovalue. We don't considerthesereally unique,however. For con gurationswith 2
cornerdessthantheisovalue,thereare3 uniquecon gurations,dependingn whetherthe cornersbelong
to the sameedge,belongthe samefaceof the cube,or are diagonallypositionedrelative to eachother
For con gurationswith 3 cornerdessthantheisovaluethereareagain3 uniquecon gurations,depending
on whetherthereare0, 1, or 2 sharededgeq2 sharededgesgivesyouan'L' shape).Thereare7 unique
con gurationswhenyou have 4 cornerslessthantheisovalue,dependingon whetherthereareO, 2, 3 (3
variantson this one),or 4 sharededges Thedifferentcasesreillustratedin Figure8.7

Eachof thenon-trivial con gurationsresultsin betweerl and4 trianglesbeingaddedo theisosurgce.
Theactualverticesthemselescanbe computedoy interpolationalongedges.

Now that we can createsurface patchesfor a single voxel, we can apply this processto the entire
volume. We canprocesghevolumein slabs,whereeachslabis comprisedof 2 slicesof pixels. We can
eithertreateachcubeindependentlyor we canpropogateedgeintersectionsetweencubeswhich share
theedgesThis sharingcanalsobedonebetweeradjacenslabswhichincreasestorageandcompleity a
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Figure8.8: Integrated3D representationf the excavationsof anancientromanvilla in SagalassosTop:
two side-viavs of the 3D model,bottom: texture andshadedop-view of the 3D model.

bit, but savesin computatiortime. The sharingof edge/ertex informationalsoresultsin a morecompact
model,andonethatis moreamenabléo interpolatedshading.

Example

This examplewas also recordedon the archaeologicasite of Sagalassosin this casethe remainsof a
Romarvilla wererecordedht differentstagesiuringthe excavations.Herewe considera speci c layerfor
which 26 picturesweretakenwith a hand-heldohotocameraNikon F50) andscannedo PhotoCD.The
onsiteacquisitionof theimagesonly takesa few minutessoit doesnotslow down theexcavationprocess.
Someof therecordedpicturescanbe seenonthetop partof Figure8.8. Notethatin this casethegeometry
of the obseredscenes too complex to bereconstructedrom a singledepthmap. Therefore jn this case
the 3D modelwasobtainedby combiningall the depthmapsusinga volumetricapproach.

8.2 Lighteld model

In this sectionour goalis to createa light eld modelfrom a sceneto rendemew views interactively. Our
approachhasbeenpresentedn a numberof consecutie paperg[68, 67, 56]. For renderingnew views
two major conceptsare known in literature. The rst oneis the geometrybasedconcept. The scene
geometryis reconstructedrom a streamof imagesand a singletexture is synthesizedvhich is mapped
ontothis geometry For this approacha limited setof cameraviews is sufcient, but specularffectscan



8.2. LIGHTFIELD MODEL 91

notbe handledappropriately This approacthasbeendiscussedxtensiely in thistext. The secondnajor
conceptis image-basedendering.This approactmodelsthe sceneasa collectionof views all aroundthe
scenavithoutanexactgeometricatepresentatiof8]. New (virtual) views arerenderedrom therecorded
onesby interpolationin real-time.Optionallyapproximategeometricalnformationcanbe usedto improve
theresults[39]. Herewe concentrat®n this secondapproachlUp to now, theknown scenerepresentation
hasa x edregularstructure.If the sourceis animagestreamtakenwith a hand-heldcamerathis regular
structurehasto be resampled.Our goalis to usethe recordedmagesthemsele asscenerepresentation
andto directly rendernew views from them. Geometricainformationis consideredasfar asit is known
andasdetailedasthetime for renderingallows. Theapproachs designedsuch thatthe operationgonsist
of projectve mappingsonly which canef ciently be performedby the graphicshardware (this comes
very closeto the approachdescribedn [23]). For eachof thesescenemodelingtechniquegshe camera
parameter$or theoriginal views aresupposedo beknown. We retrieve themby applyingknown structure
andmotion techniquesasdescribedn the previous chapters.Local depthmapsare calculatedapplying
stereaechnique®nrecti ed imagepairsaspreviously explained.

8.2.1 structure and motion

To do a denselight eld modelingas describedbelon, we needmary views from a scenefrom mary

directions.For this, we canrecordanextendedmagesequencenoving thecameran azigzaglike manner
The cameracancrossits own moving path several timesor at leastgetscloseto it. Known calibration
methodsusually only considerthe neighborhoodsvithin the imagestream. Typically no linking is done
betweernviews whosepositionis closeto eachotherin 3-D spacebut which have a large distancein the
sequence.To dealwith this problem,we thereforeexploit the 2-D topology of the cameraviewpoints
to further stabilizethe calibration. We processnot only the next sequentiaimagebut searchfor those
imagesin the streamthatarenearestn thetopologyto the currentviewpoint. Typically we canestablish
a reliable matchingto 3-4 neighboringimageswhich improvesthe calibrationconsiderably The details
weredescribedn Section5.2.2. We will alsoshov how to uselocal depthmapsfor improving rendering
results.To thisenddensecorrespondencmapsarecomputedor adjacenimagepairsof thesequencésee
Chapter7).

8.2.2 Lighteld modelingand rendering

In [87] the appearancef a sceneis describedhroughall light rays(2D) that are emittedfrom every 3D
scenegpoint, generatinga 5D radiancefunction. Subsequentlywo equivalentrealizationsof the plenoptic
functionwereproposedn form of thelight eld [78], andthelumigraph[39]. They handlethe casewhen
the obsener and the scenecan be separatedy a surface. Hencethe plenopticfunction is reducedto
four dimensions. The radianceis representeds a function of light rays passingthroughthe separating
surface. To createsucha plenopticmodelfor real scenesa large numberof views is taken. Theseviews
canbe consideredasa collectionof light rayswith accordingcolor values. They arediscretesampleof
the plenopticfunction. The light rayswhich are not representedhave to be interpolatedfrom recorded
onesconsideringadditionalinformation on physicalrestrictions. Often real objectsare supposedo be
lambertianmeaninghatonepoint of the objecthasthesameradiancevaluein all possibledirections.This
implies that two viewing rays have the samecolor value,if they intersectat a surfacepoint. If specular
effectsoccur thisis nottruearny more. Two viewing raysthenhave similar color valuesif their directionis
similar andif their point of intersectioris nearthe realscenepoint which originatestheir color value. To
rendera new view we supposeo have a virtual camerdooking at the scene We determinehoseviewing
rayswhich arenearesto thoseof this camera.The neareraray is to a givenray, the greateris its support
to thecolorvalue.

The original 4D light eld [78] datastructureemploys a two-planeparameterization Eachlight ray
passeshroughtwo parallelplaneswith planecoordinates and . The -planeis theviewpoint
planein which all camer&gocal pointsareplacedonregulargrid points. The -planeis thefocal plane
New views canbe rendereddy intersectingeachviewing ray of a virtual camerawith the two planesat

. Theresultingradianceis alook-upinto theregulargrid. For rayspassingn betweerthe
and grid coordinatesan interpolationis appliedthatwill degradethe renderingquality depending
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on the scenegeometry In fact, thelight eld containsanimplicit geometricalassumptionij.e. the scene
geometryis planarand coincideswith the focal plane. Deviation of the scenegeometryfrom the focal

planecausesmagedegradation(i.e. blurring or ghosting).To usehand-heldcameramagesthe solution

proposedn [39] consistsof rebinningtheimagesto the regular grid. The disadwantageof this rebinning

stepis thattheinterpolatedegularstructurealreadycontainsnconsistencieandghostingartifactsbecause
of errorsin thescantilyapproximatedjeometry Duringrenderingheeffectof ghostingartifactsis repeated
soduplicateghostingeffectsoccur

Renderingfromrecordedimages Ourgoalisto overcomethe problemsdescribedn thelastsectionby
relaxingthe restrictionsimposedby the regularlight eld structureandto renderviews directly from the
calibratedsequencef recordedmageswith useof local depthmaps. Without loosing performancehe
originalimagesaredirectly mappedntooneor moreplanesviewed by a virtual camera.

To obtaina high-qualityimage-basedcenerepresentationyve needmary views from a scenefrom
mary directions. For this, we canrecordan extendedimage sequencanoving the camerain a zigzag
like manner The cameracan crossits own moving path several times or at leastgetscloseto it. To
obtain a good quality structure-and-motiostimationfrom this type of sequencat is importantto use
the extensionsproposedn Section5.2 to matchcloseviews that are not predecessorsr successorn
theimagestream. To allow to constructthe local geometricalapproximationdepthmapsshouldalsobe
computedasdescribedn the previoussection.

Fixed plane approximation In a rst approachwe approximatehe scenegeometryby a singleplane
by minimizing the leastsquareerror. We mapall given cameramagesontoplane andview it through
a virtual camera. This can be achiered by directly mappingthe coordinates of image ontothe
virtual cameracoordinates . Thereforewe canperforma directlook-upinto
the originally recordedmagesanddetermingheradianceby interpolatingthe recordecheighboringpixel
values. This techniqueis similar to thelight eld approact78] which implicitly assumeshe focal plane
asthe planeof geometry Thusto constructa speci ¢ view we have to interpolatebetweenneighboring
views. Thoseviews give the mostsupportto the color valueof a particularpixel whoseprojectioncenter
is closeto the viewing ray of this pixel. This is equivalentto the fact thatthoseviews whoseprojected
cameracentersarecloseto its imagecoordinategive the mostsupportto a speci ed pixel. We restrictthe
supportto the nearesthreecameragseeFigure8.9). We projectall cameracentergnto thevirtual image
andperforma 2D triangulation. Thenthe neighboringcamerasf a pixel aredeterminedy the corners
of the trianglewhich this pixel belongsto. Eachtriangleis dravn asa sumof threetriangles. For each
camerawe look up the color valuesin the original imagelike describedabore and multiply themwith
weight 1 at the correspondingrertex andwith weight 0 at both othervertices. In between the weights
areinterpolatedinearly similar to the Gouraudshading. Within the triangle the sum of weightsis 1 at
eachpoint. The total imageis built up asa mosaicof thesetriangles. Although this techniqueassumes
a very sparseapproximationof geometry the renderingresultsshov only small ghostingartifacts(see
experiments).

View-dependentgeometry approximation The resultscan be further improved by consideringlocal

depthmaps.Spendingnoretime for eachview, we cancalculatethe approximatingplaneof geometryfor

eachtrianglein dependencen the actualview. This improvesthe accuray furtherasthe approximation
is notdonefor thewhole scenebut justfor thatpartof theimagewhichis seernthroughthe actualtriangle.
The depthvaluesare given asfunctions  of the coordinatesn the recordedimages . They

describethe distanceof a point to the projectioncenter Using this depthfunction, we calculatethe 3D

coordinatesof thosescenepointswhich have the same2D imagecoordinatesn the virtual view asthe

projectedcameracentersof therealviews. The3D point  which correspond$o view canbecalculated
as

(8.6)

where — and sign with the third row of  is neededor a correct
orientation. We caninterpretthe points  asthe intersectionof the line with the scenegeometry
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Figure 8.9: Drawing trianglesof neighboringprojectedcameracentersand approximatinggeometryby
oneplanefor thewhole scenefor onecamerdriple or by severalplanesfor onecamerariple.

Knowing the 3D coordinatef trianglecornerswe cande ne a planethroughthemandapply the same
renderingtechniqueasdescribedabove.

Finally, if thetrianglesexceeda givensize,they canbe subdvidedinto four sub-triangledy splitting
the threesidesinto two parts,each. For eachof thesesub-trianglesa separateapproximatve planeis
calculatedn theabose manner We determinghemidpointof thesideandusethe samdook-upmethodas
usedfor radiancevaluesto nd thecorrespondinglepth.After that,wereconstructhe3D pointandproject
it into the virtual cameraresultingin a point nearthe side of the triangle. Of course further subdvision
canbedonein thesamemannetto improve accurag. Especiallyif justfew trianglescontributeto a single
virtual view, this subdvisionis really necessaryit shouldbedonein aresolutionaccordingo performance
demandsindto the compleity of geometry

8.2.3 Experiments

We have testedour approachesvith an uncalibratedsequencef 187 imagesshowving an of ce scene.
Figure 8.10 (left) shavs one particularimage. A digital consumewideo camerawas sweptfreely over

a clutteredsceneon a desk, covering a viewing surface of about . Figure 8.10 (right) shows the
calibrationresult. Figure 8.11 illustratesthe succes®f the modi ed structureand motion algorithmas
describedn Section5.2.2. Featureghatarelost are picked up againwhenthey reappeain the images.
Figure8.12(left) shavsthe calibrationresultswith theviewpointmesh.Oneresultof areconstructediew

is shavn in Figure8.12 (right). Figure 8.13 shows detailsfor the differentmethods.In the caseof one
global plane(left image),the reconstructions sharpwherethe approximatingplaneintersectshe actual
scenegeometry Thereconstructions blurredwherethe scenegeometrydivergesfrom this plane. In the
caseof local planes(middle image), at the cornersof the triangles,the reconstructioris almostsharp,
becausegherethe scenegeometryis consideredlirectly. Within atriangle,ghostingartifactsoccurwhere
the scenggeometrydivergesfrom the particularlocal plane.If thesetrianglesaresubdvided (rightimage)
theseartifactsarereducedurther.
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Figure 8.10: Image of the desksequencédleft) andresultof calibrationstep (right). The camerasare
representedy little pyramids.
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Figure8.11: Trackingof the pointsover the sequencePoints(vertical)versusmages(horizontal).
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Figure8.12: Calibrationresultandviewpoint mesh(leftlandreconstructedceneview usingoneplaneper
imagetriple.

Figure8.13: Detailsof renderedmagesshaving thedifferencedbetweertheapproachesoneglobalplane
of geometry(left), onelocal planefor eachimagetriple (middle) andre nementof local planes(right).
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8.2.4 conclusion

In this section,we have shovn how the proposedapproachfor modelingfrom imagescould easily be
extendedto allow the acquisitionof light eld models. The quality of renderedmagescanbe varied by

adjustingthe resolutionof the consideredscenegeometry Up to now, our approachesre calculatedin

software. But they aredesignedsuch,thatusingalphablendingandtexture mappingfacilities of graphics
hardware,renderingcanbe donein real-time.More detailson this approactcanbefoundin [68, 67, 56].

8.3 Fusionof realand virtual scenes

Another interestingpossibility offered by the presentedapproachis to combinereal and virtual scene
elements. This allows to augmentreal environmentswith virtual objects. A rst approachconsistsof
virtualizing the real ervironmentandthento placevirtual objectsin it. This canreadily be doneusing
thetechniquegpresentedn Section8.1. An exampleis shovn in Figure8.14. Thelandscapef Sagalas-
sos(an archaeologicasite in Turkey) was modeledfrom a dozenphotographgaken from a nearbyhill.
Virtual reconstructionef ancientmonumenthave beenmadebasedn measurementandhypothesesf
archaeologistsBoth couldthenbe combinedn a singlevirtual world.

Figure8.14: Virtualizedlandscap®f Sagalassosombinedwith virtual reconstructionsf monuments.

8.3.1 Augmentingvideofootage

Another challengingapplicationconsistsof seamlesslymeiging virtual objectswith real video. In this
casethe ultimategoalis to make it impossibleto differentiatebetweenreal andvirtual objects. Several
problemsneedto be overcomebefore achieving this goal. Amongstthem are the rigid registration of
virtual objectsinto the real ervironment,the problemof mutualocclusionof real andvirtual objectsand
the extractionof theillumination distribution of the realenvironmentin orderto renderthevirtual objects
with thisillumination model.
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Herewe will concentrateon the rst of theseproblems,althoughthe computationsdescribedn the
previous sectionalso provide mostof the necessarynformationto solve for occlusionsand otherinter-
actionsbetweerthe real andvirtual component®f the augmentedcene.Accurateregistrationof virtual
objectsinto a real ervironmentis still a challengingproblems.Systemghatfail to do sowill fail to give
the usera real-life impressionof the augmentedutcome. Since our approachdoesnot usemarkersor
a-priori knowledgeof the sceneor the camera this allows us to dealwith video footageof unprepared
ervironmentsor archive videofootage.More detailson this approackcanbefoundin [14].

An importantdifferencewith the applicationsdiscussedn the previous sectionds thatin this caseall
framesof theinputvideosequenchave to beprocessedavhile for 3D modelingoftena sparsesetof views
is sufcient. Thereforejn this casefeaturesshouldbetrackedfrom frameto frame. As alreadymentioned
in Section5.1 it is importantthat the structureis initialized from framesthat are sufciently separated.
Anotherkey componenis the bundle adjustment.It doesnot only reducethe frameto framejitter, but
removesthelargestpartof the errorthatthe structureandmotionapproachaccumulatesverthesequence.
Accordingto our experienceit is very importantto extendthe perspectie cameramodelwith atleastone
parametefor radial distortionto obtainan undistortedmetric structure(this will be clearly demonstrated
in the example). Undistortedmodelsarerequiredto positionlargervirtual entitiescorrectlyin the model
andto avoid drift of virtual objectsin theaugmentedideosequencedNote howeverthatfor therendering
of thevirtual objectsthe computedadialdistortioncanmostoftenbeignored(exceptfor sequencewhere
radialdistortionis immediatelynoticeabldrom singleimages).

examples A rst setof experimentswas carriedout on video sequencesf the Béguinaye in Leuven
(the sameasin Figure9.7). The sequencevas recordedwith a digital camcordelin progressie-scan
modeto avoid interlacingproblems. Oncethe structureand motion hasbeencomputed,the next step
consistsof positioningthe virtual objectswith respectto the real scene. This processis illustratedin
Figure 8.15. The virtual objectsare positionedwithin the computed3D structure. To allow a precise
positioning,feedbackis immediatelygiven by renderingthe virtual objectin someselectedkey-frames.
After satishctory placementof eachsingle virtual objectthe computedcameracorrespondingo each
imageis usedto renderthe virtual objectson top of the video. Anti-aliasingcanbe obtainedby memging
multiple views of the virtual objectsobtainedwith a small offseton the principal point. Someframesof
the Béguinage video sequencaugmentedvith a cubearealsoshavn in Figure8.15.

Anotherexamplewasrecordedat Sagalassom Turkey, wherethe footageof the ruins of anancient
fountainwastaken. Thefountainvideosequenceonsistf 250frames.A large partof the original mon-
umentis missing.Basedon resultsof archaeologicaéxcavationsandarchitecturaktudiesjt waspossible
to generata virtual copy of themissingpart. Usingthe proposedipproactihevirtual reconstructiorcould
be placedbackon the remainsof the original monumentat leastin the recordedvideo sequence.This
materialis of greatinterestto the archaeologistsnot only for educationand disseminationput alsofor
fund raisingto achieve a real restoratiorof the fountain. Thetop partof Figure8.16shavs a top view of
the recoveredstructurebeforeandafter bundle-adjustmentBesideshe larger reconstructiorerrorit can
alsobenoticedthatthenon-re nedstructures slightly bent. This effect mostly comesfrom nottakingthe
radial distortioninto accountin theinitial structurerecovery. Thereforea bundleadjustmenthatdid not
modelradial distortionwould not yield satisfyingresults. In the restof Figure 8.16 someframesof the
augmentedideoareshown.

8.4 Conclusion

In this chapterdifferentmethodswere proposedo obtain3D modelsfrom datacomputedasdescribedn

the previous chapters.The e xibility of theapproachalsoallowed usto computeplenopticmodelsfrom

imagesequenceacquiredwith a hand-heldcameraandto developea e xible augmentedeality system
thatcanaugmentideoseamlessly
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Figure8.15: Béguinaje sequencepositioningof virtual object(top), framesof videoaugmenteavith cube
(bottom).
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Figure8.16: Fusionof realandvirtual fountainparts.Top: structure-and-motiorecovery beforeandafter
bundleadjustmentBottom: 6 of the 250framesof the fusedvideosequence
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Chapter 9

Someresults

In this chaptemwe will focuson theresultsobtainedby the systemdescribedn the previouschapter First
somemoreresultson 3D reconstructiorirom photographsregiven. Thenthe e xibility of ourapproachs
shawvn by reconstructingnamphitheatefromold Im footage.Finally severalapplicationsn archaeology
arediscussedTheapplicationof our systemto the constructiorof avirtual copy of thearchaeologicasite
of SagalassoéTurkey) —a virtualized Sagalassosis described. Somemore speci ¢ applicationsin the
eld of archaeologyrealsodiscussed.

9.1 Acquisition of 3D modelsfrom photographs

The main applicationfor our systemis the generatiorof 3D modelsfrom images. One of the simplest
methodgo obtaina 3D modelof a scends thereforeto usea photocameraandto shoota few picturesof
thescendrom differentviewpoints.Realistic3D modelscanalreadybe obtainedwith arestrictechumber
of images.Thisis illustratedin this sectionwith a detailedmodelof apartof a Jaintemplein India.

A Jain Templein Ranakpur

Thesdémagesweretakenduringatouristtrip afterlCCV'98 in India. A sequencef imagesvastakenof a
highly decorategbartof oneof thesmallerJaintemplesatRanakpuyindia. Theseémagesveretakenwith a
standardNikon F50photocameraandthenscannedAll theimageswvhichwereusedfor thereconstruction
canbe seenin Figure9.1. Figure 9.2 shows the reconstructednterestpointstogethemwith the estimated
poseandcalibrationof the camerdfor the differentviewpoints.Notethatonly 5 imageswvereusedandthat
the global changen viewpoint betweenthesedifferentimagesis relatively small. In Figure9.3 a global
view of thereconstructions given. In thelower partof theimagethe texture hasbeenleft out sothatthe
recoveredgeometryis visible. Note the recoveredshapeof the statuesanddetailsof thetemplewall. In
Figure9.4two detail views from very differentanglesaregiven. Thevisualquality of theseimagess still
very high. This shavsthattherecoseredmodelsallow to extrapolateviewpointsto someextent. Sinceit is
dif cult to give animpressiornof 3D shapethroughimageswe have put threeviews of the samepart—but
slightly rotatedeachtime—in Figure9.5. This reconstructiorshawvs thatthe proposedapproachis ableto
recover realistic3D modelsof complex shapes.To achiere this no calibrationnor prior knowledgeabout
thescenewvasrequired.
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Figure9.1: Photographsvhich wereusedto generatea 3D modelof a detail of a Jaintempleof Ranakpur

Figure9.2: Reconstructiorof interestpointsandcameras.The systemcould automaticallyreconstruct
realistic3D modelof this complex scenewithout arny additionalinformation.
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Figure9.3: Reconstructiorf a partof a Jaintemplein Ranakpui(India). Both textured(top) andshaded
(bottom)views aregivento give animpressiorof the visualquality andthe detailsof therecoveredshape.
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Figure9.4: Two detail views of thereconstructednodel.

Figure9.5: Threerotatedviews of a detail of thereconstructednodel.
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Figure9.6: View of the Béguinage®f Leuven

The Béguinagesf Leuven

Having university buildings on the UNESCO World Heritagelist, we couldn' resistapplying our 3D
modelingtechniquego it. In Figure9.6 aview of the Béguinage®f Leuvenis given. Narraw streetsare
notvery easyto model. Usingthe presentedechniquewve wereableto reconstruc8D modelsfrom video
sequenceacquiredwith adigital video camera.This wasonly madepossiblethroughthe useof the polar
recti cation sincethe epipoleswerealwayslocatedin theimage. An exampleof a recti ed imagepair is
givenin Figure9.7. Notethatthetop partof therecti ed imagescorrespondo the epipole.In Figure9.8
threeorthographicviews of the reconstructiorobtainedfrom a singleimagepair areshovn. Theseallow
to verify the metric quality of the reconstructior(e.g. orthogonalityand parallelism). To have a more
completemodelof the reconstructedtreetit is necessaryo combineresultsfrom morethanoneimage
pair. This couldfor examplebedoneusingthevolumetricapproactpresentedn Section8.1.2).A simpler
approachconsistsof loading differentsurfacesat the sametime in the visualizationsoftware. Thereis
no needfor registrationsincethis wasautomaticallyperformedduring the structureandmotion recovery.
Figure9.9 containsfour views of amodelconsistingof 7 independentlyeconstructe®D surfaces.

Figure9.7: Recti ed imagepair (correspondingixelsarevertically aligned).
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Figure 9.8: Orthographicviews of a reconstructiorobtainedfrom a singleimage pair: front (left), top
(middle)andside(right).

Figure9.9: Views of areconstructiorobtainedby combiningresultsfrom moreimages.
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Figure9.10: Thissequencavas Imed from a helicopterin 1990by a cameramaiof the belgiantelevision
toillustratea TV programon Sagalassof@narchaeologicasitein Turkey).

9.2 Acquisition of 3D modelsfr om pre-existingimage sequences

Herethereconstructiorof the ancienttheaterof Sagalassois shavn. Sagalassos anarchaeologicasite
in Turkey. More resultsobtainedat this site are presentedn Sections9.3 and9.4. Thereconstructions
basedn asequencdmed by acameramaifrom the BRTN (BelgischeRadioen Televisie vande Neder
landstaligeggemeenschapih 1990. The sequencevas Imed to illustratea TV programaboutSagalassos.
Becausef themotiononly elds —andnot frames-couldbe used.Theresolutionof theimageswe could
usewasthusrestrictedto . Thesequenceonsistedf abouthundredmages gvery tenthimage
is shavnin Figure9.10. We recordedapproximately3 imagespersecond.

In Figure9.11thereconstructiorof interestpointsandcamerass given. This shavs thattheapproach
candealwith longimagesequences.

Densedepthmapswere generatedrom this sequenceand a densetextured 3D surface model was

Figure9.11: Thereconstructedhterestpointsandcamergposesecoveredfrom the TV sequence.
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Figure9.12: Someviews of thereconstructednodelof the ancienttheatef Sagalassos.

constructedrom this. Someviews of this modelaregivenin Figure9.12.

9.3 Virtualizing archaeologicalsites

Virtual reality is a technologythat offers promisingperspectiesfor archaeologistslt canhelp in mary
ways.New insightscanbegainedby immersionin ancientworlds,unaccessiblsitescanbemadeavailable
to aglobalpublic, coursesanbegiven“on-site” anddifferentperiodsor building phasesancoexist.

One of the main problemshowever is the generationof thesevirtual worlds. They requirea huge
amountof on-sitemeasurementsn additionthewholesite hasto bereproducednanuallywith a CAD- or
3D modelingsystem.This requiresalot of time. Moreoverit is dif cult to modelcomplex shapesandto
take all the detailsinto account.Obtainingrealisticsurfacetextureis alsoa critical issue.As aresultwalls
areoften approximatedy planarsurfaces stonesoften all getthe sametexture, statuesareonly crudely
modeledsmalldetailsareleft out, etc.

An alternatve approactconsistof usingimagesof the site. Somesoftwaretools exist, but requirea
lot of humaninteraction[97] or preliminarymodels[22]. Our systemoffersuniquefeaturesn this con-
text. The exibility of acquisitioncanbe very importantfor eld measurementwhich areoftenrequired
on archaeologicasites. The fact that a simple photo cameracan be sufcient for acquisitionis anim-
portantadvantagecomparedo methodsbasedon theodolitesor otherexpensve hardware. Especiallyin
demandingveatherconditions(e.g. dust,wind, heat,humidity).

Theancientsite of Sagalasso&outh-westTurkey) wasusedasa testcaseto illustratethe potentialof
the approactdevelopedin this work. Theimageswereobtainedwith a consumephotocamera(digitized
on photoCD)andwith aconsumedigital videocamera.

9.3.1 Virtualizing scenes

The3D surfaceacquisitiontechniquehatwe have developedcanbeappliedreadilyto archaeologicadites.
The on-siteacquisitionprocedureconsistof recordinganimagesequencef the sceneghatonedesirego
virtualize To allow for thealgorithmsto yield goodresultsviewpointchangedetweerconsecutieimages
shouldnot exceed5 to 10 degrees.An exampleof sucha sequencés givenin Figure9.13. Theresultfor
theimagesequencenderconsideratiortanbeseenin Figure9.14. An importantadvantagds thatdetails
likemissingstonesnpotperfectlyplanarwalls or symmetricstructuresirepresered. In additionthesurface
textureis directly extractedfrom theimages.This doesnotonly resultin amuchhigherdegreeof realism,
but is alsoimportantfor theauthenticityof thereconstructionThereforethe reconstructionsbtainedwith
this systemcould alsobe usedasa scalemodelon which measurementsanbe carriedout or asatool for
planningrestorations.
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Figure9.13: Imagesequencevhich wasusedto build a 3D modelof the cornerof the Romanbaths

Figure9.14: Virtualizedcornerof the Romanbaths,on theright somedetailsareshovn

As asecondexample thereconstructiorof theremainsof anancientfountainis shovn. In Figure9.15
threeof thesix imagesusedfor thereconstructiorareshovn. All imagesweretakenfrom thesameground
level. They were acquiredwith a digital camerawith a resolutionof approximatelyl500x1000. Half
resolutionimageswere usedfor the computationof the shape. The texture was generatedrom the full
resolutionimages.

Thereconstructiorcanbe seenin Figure9.16,the left side shows a view with texture, theright view
givesa shadedview of the modelwithout texture. In Figure 9.17 two close-upshotsof the model are
shawn.

9.3.2 Reconstructingan overview model

A rst approacho obtaina virtual reality modelfor a whole site consistsof taking a few overview pho-
tographsrom the distance.Sinceour techniques independenbf scalethis yields an overview modelof

the whole site. The only differencewith the modelingof smallerobjectsis the distanceneededetween
two camergposes For mostactive techniquest is impossibleto copewith scene®f this size. Theuseof a

sterearig would alsobe very hardsincea baselineof seseraltensof meterswould berequired. Therefore
oneof the promisingapplicationsof the proposedechniques large scaleterrainmodeling.

In Figure9.18,3 of the9 imagestakenfrom a hillside nearthe excavationsite areshavn. Thesewere
usedto generatehe 3D surfacemodelseenin Figure9.19. In additiononecanseefrom theright side of
this gure thatthis modelcould be usedto generatea Digital TerrainMap or an orthomapat low cost. In
this caseonly 3 referencaneasurementsGPSandaltitude—arenecessaryo localizeandorientthe model
in theworld referencdrame.
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Figure9.15: Threeof the six imagesof the Fountainsequence

Figure9.16: Perspectie views of the reconstructedountainwith andwithout texture

Figure9.17: Close-upviews of somedetailsof thereconstructedountain
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Figure9.18: Someof theimagesof the SagalassoSite sequence

Figure 9.19: Perspectie views of the 3D reconstructiorof the Sagalassosite (left). Top view of the
reconstructiorof the Sagalassaosite (right).
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Figure9.20: Integrationof modelsof differentscales:site of Sagalassosomanbathsandcornerof the
Romanbaths.

9.3.3 Reconstructionsat differ ent scales

Theproblemis thatthis kind of overview modelis too coarsdo be usedfor realisticwalk-throughsaround
the site or for looking at speci ¢ monuments.Thereforeit is necessaryo integratemoredetailedmodels
into this overview model. This canbe doneby taking additionalimagesequencefor all the interesting
areason the site. Theseareusedto generateeconstruction®f the site at differentscales,goingfrom a
globalreconstructiorof thewhole siteto a detailedreconstructioror every monument.

Thesereconstructionshusnaturally Il in the differentlevels of detailswhich shouldbe providedfor
optimalrendering.In Figure9.20anintegratedreconstructiortontainingreconstructionat threedifferent
scalecanbeseen.

At this pointtheintegrationwasdoneby interactvely positioningthelocal reconstructions theglobal
3D model. Thisis acumbersomeroceduresincethe 7 degreeof freedomof the similarity ambiguityhave
to betakeninto account.Researcherareworking on methodgo automatehis. Two differentapproaches
arepossible.The rst approachs basedon matchingfeatureswhich are basedon both photometricand
geometricproperties the secondon minimizing a global alignmentmeasure A combinationof both ap-
proachewill probablyyield thebestresults.

9.4 Moreapplicationsin archaeology

Sincethese3D modelscanbegenerate@utomaticallyandtheon-siteacquisitiortime is very short,several
new applicationscometo mind. In this sectionafew possibilitiesareillustrated.

9.4.1 3D stratigraphy

Archaeologyis oneof thesciencesvereannotationgndprecisedocumentatiomremostimportantbecause
evidenceis destrogedduringwork. An importantaspectf thisis thestratigraphy Thisre ects thedifferent
layersof soil thatcorrespondo differenttime periodsin anexcavatedsector Dueto practicallimitations
this stratigraphyis oftenonly recordedor someslices,not for thewhole sector

Ourtechniqueallows a moreoptimalapproachFor every layera complete3D modelof theexcavated
sectorcanbe generated Sincethis only involvestaking a seriesof picturesthis doesnot slow down the
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Figure9.21: 3D stratigraphythe excavationof aRomanvilla attwo differentmoments.

Figure 9.22: Two imagesof partsof broken pillars (top) and two orthographicviews of the matching
surfaceggeneratedrom the 3D models(bottom)

progresof thearchaeologicalvork. In additionit is possibleto modelartifactsseparatelyhich arefound
in theselayersandto includethe modelsin the nal 3D stratigraphy

This conceptis illustratedin Figure 9.21. The excavationsof an ancientRomanvilla at Sagalassos
wererecordedwith our technique.ln the gure aview of the 3D modelof the excavationis providedfor
two differentlayers.

9.4.2 Generating and testing building hypotheses

The techniquealsohasa lot to offer for generatingandtestingbuilding hypotheses Due to the easeof
acquisitionandthe obtainedlevel of detail, one could reconstruckvery building block separately The
differentconstructiorhypothesesantheninteractvely beveri ed on avirtual building site. Sometesting
couldevenbeautomated.

The matchingof the two partsof Figure9.22for examplecould be veri ed througha standardegis-
trationalgorithm[13]. An automaticprocedurecanbe importantwhendozensof brokenpartshave to be
matchedagainstachother
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Figure9.23: Ontheleft oneof theinputimagescanbe seenwith the measuredeferencepointssuperim-
posed.Ontheright the cloud of reconstructegointsis shavn.

9.5 Architecture and heritage consewation

At this momentmary architectdnvolvedin consenrationstill work in thetraditionalway. They usehand-
measuredtapes,plumb-bobs levels...) or instrumentbased(theodolite,total station, photogrammetry)
suney methodsThisinformationis usuallytransferredo 2D paperdrawings: plans,sectionsandfacades.
Themaindrawbackof thisapproacthis thatall informationis distributedin differenttypesof document$2D
drawings, texts, photographs...)This makesit oftenvery dif cult for policy makers,engineersr others
personsnvolvedin oneparticularphaseof theprocessto geta completeandunambiguousverview of the
availableinformation.In addition,it is very dif cult to usethis materialfor exchangewith otherarchitects
or researcher¢for comparatre studies...) or for distribution to the public (publicationsin periodicals,
touristinformation...).

As mary architectsare shifting towards computeraideddesignfor new buildings, they alsotry to
apply theseprogramsto renovation or conseration projects. However, the numberof tools availableto
accomplishthetaskof 'getting the existing building in the CAD program'is limited, andmainly directed
to 'translate'traditionalmethodso CAD (automaticimport of full stationco-ordinateserroradjustment
of triangulation...) Basedon a limited numberof actuallymeasuregboints,2D plansandsectionor a 3D
modelcanbeconstructedThistypically resultsin avery'simpli ed' representationf the building, which
is absolutelynotin line with the high requirement$or conserationpurposes.

Thetechnologypresentedh thesenotescanbevery usefulin this context. We have anongoingproject
with architectghataimsat developinga technologythatenablesan operatorto build up anaccuratehree
dimensionamodel- without too muchrepetitive work - startingfrom photosof the objects.For anumber
of reasonssuchasthe needfor absolutecoordinatesthe choicewasmadeto alsomeasureeferencepoints
usingatheodolyte. This allows to simplify a numberof calibrationissues.In Figure9.23an exampleis
shavn. A moredetaileddescriptionof this projectcanbe foundin [92].
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Figure9.24: Digital Elevation Map generatiorin detail. The gure containstheleft recti ed image(left),
thecorrespondinglisparitymap(middle)andtherightrecti ed image(right). The3Dline corresponding
to apoint of the DEM projectsto  resp. . Throughthedisparitymaptheshadowof  ontheright
image can also be computed. The intersectionpoint of and correspondgo the point where
intersectghe surface.

Figure9.25: Mosaicof imagesof thetestbedakenby the sterechead.

9.6 Planetaryrover control

In this sectiona systemis presentedhatwe developedfor ESA for the supportof planetaryexploration.
Moreinformationcanbefoundin [167, 168 169. Thesystenthatis sendto the planetarysurfaceconsists
of aroverandlander Thelanderhasa sterecheadequippedvith a pan-tiltmechanismThisvision system
is usedbothfor modelingof theterrainandfor localizationof the rover. Both tasksarenecessaryor the
navigation of therover. Dueto the stressthatoccursduringthe ight a recalibrationof the stereovision
systemis requiredonceit is deployed on the planet. Due to practicallimitationsit is infeasibleto usea
known calibrationpatternfor this purposeandthereforea new calibrationproceduréhadto be developed
that canwork on imagesof the planetaryervironment. This automaticprocedurerecoversthe relative
orientationof the camerasndthe pan-andtilt-axis, besidesheexterior orientationfor all theimages.The
samdmagesaresubsequentlysedio recoserthe3D structureof theterrain. For this purposeadensestereo
matchingalgorithmis usedthat -after recti cation- computesa disparity map. Finally, all the disparity
mapsaremeigedinto a singledigital terrainmodel. This proceduras illustratedin Figure9.24. Thefact
thatthe sameimagescanbe usedfor both calibrationand3D reconstructions importantsincein general
the communicatiorbandwidthis very limited. In additionto the usefor navigation and path planning,
the 3D modelof the terrainis alsousedfor Virtual Reality simulationof the mission,in which casethe
modelis texture mappedwith theoriginalimages A rst testof thecompletesystemwasperformedatthe
ESA-ESTECtestfacilitiesin Noordwijk (The Netherlandsvhereaccesgo a planetarytestbedof about
7 by 7 meterswas available. The Imaging Headwas setup next to the testbed. Its rst taskwasthe
recordingof the terrain. A mosaicof the picturestaken by this processcanbe seenin gure 9.25. The
autonomougalibrationprocedurenvaslaunchedandit computedhe extrinsic calibrationof the cameras
basedntheimages.Oncethecalibrationhadbeencomputedhesystenrecti ed theimagesandcomputed
densedisparitymaps.Basedon these a Digital ElevationMap wasconstructedTheresultcanbe seenn
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Figure9.26: Digital Elevation Map of the ESTECplanetarytestbed.A signi cant amountof cellsis not
lled in becaus¢hey arelocatedin occludedareas.

gure 9.26.Becausef therelatively low heightof thelmagingHead(approximatelyl.5 metersabove the
testbedandthebig rocksin thetestbeda large portion of the Digital ElevationMap couldnotbe lled in
becausef occlusions.

It canbe expectedthatglobalterrainmodelwill notbesufciently accuratego achiese ne steeringof
theroverfor somespeci ¢ operationsAn importanttaskof theroveris to carryout suriacemeasurements
oninterestingocks. For this purposét is importantto beableto very accuratelypositionthemeasurement
device. Sinceprobablythe rover will alsobe equippedwith a (single)camerathe techniqueproposedn
this text couldbe usedto reconstruct local modelof aninterestingrock while theroveris approachingt.
A preliminarytestwascarriedouton arockin the ESAtestbed Someresultscanbe seenn Figure9.27.

9.7 Conclusion

The e xibility of the proposedsystemsllows applicationdn mary domains.In somecasedurtherdevel-
opmentswould be requiredto do so, in othersthe system(or partsof it) could just be usedasis. Some
interestingareasare forensics(e.g. crime scenereconstruction)robotics(e.g. autonomouguidedvehi-
cles),augmentedeality (e.g.cameraracking)or post-productior{e.g.generatiorof virtual sets).

In this chaptersomeresultswerepresentedn moredetailto illustratethe possibilitiesof this work. It
was shawvn thatrealistic 3D modelsof existing monumentsould be obtainedautomaticallyfrom a few
photographsThe e xibility of thetechniqueallowsit to beusedon existing photoor videomaterial. This
wasillustratedthroughthe reconstructiorof anancienttheaterfrom avideoextractedfrom the archivesof
the Belgiantelevision.

The archaeologicasite of SagalassoéTurkey) wasusedasa testcasefor our system. Several parts
of the site were modeled. Sinceour approachis independentf scaleit was also usedto obtaina 3D
modelof the whole site at once. Somepotentialapplicationsarealsoillustrated,i.e. 3D stratigraphyand
generating/testinguilding hypothesesA few otherpossibleapplicationsverealsobrie y discussed.
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Figure9.27: Differentstepsof the 3D reconstructiorof arock from images.
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Appendix A

Bundle adjustment

Oncethe structureand motion hasbeenobtainedfor the whole sequenceit is recommendedo re ne it
througha global minimization step. A maximumlik elihood estimationcan be obtainedthroughbundle
adjustmen{12, 137]. Thegoalisto nd the projectionmatrices  andthe 3D points  for which the
meansquareddistancesetweenthe obsernedimagepoints  andthe reprojectedmagepoints s
minimized.For viewsand pointsthefollowing criterionshouldbe minimized:

(A.1)

where is the Euclideanimagedistance. If the imageerroris zero-mearnGaussiarthen bundle
adjustmenis the Maximum Likelihood Estimator Althoughit canbe expressedrery simply, this mini-
mizationproblemis huge.For atypical sequencef 20 views and2000points,a minimizationproblemin
morethan6000variableshasto besolved. A straight-forvardcomputatioris obviously notfeasible.How-
ever, thespecialstructureof the problemcanbe exploitedto solve the problemmuchmoreef ciently . The
obseredpoints  being x ed, a speci c residual is only dependenbn the point

-th pointandthe -th cameraview. This resultsin asparsestructurefor the normalequationsUsingthis
structurethepoints  canbeeliminatedfrom the equationsyielding a muchsmallerbut denseiproblem.
Views thathave featuresn commonarenow related.For a long sequencevherefeaturegendto only be
seenin afew consecutre views, the matrix thathasto be solved s still sparsgtypically banddiagonal).
In this vcaseit canbevery interestingto make useof sparsdinearalgebraalgorithmse.g.[3].

Beforegoing moreinto detail on ef ciently solvingthe bundle adjustmentthe Levenbeg-Marquadt

minimizationis presented Basedonethis an ef cient methodfor bundleadjustmentwill be proposedn
SectionA.2.

A.1 Levenberg-Marquardt minimization

Givenavectorrelation where and canhave differentdimensionsandanobsenation , we
wantto nd thevector which bestsatis esthe givenrelation. More precisely we arelooking for the
vector satisfying for which is minimal.

A.1.1 Newtoniteration

Newton's approachstartsfrom aninitial value  andre nes this value using the assumptiorthat is

locally linear. A rst orderapproximatiorof yields:

(A.2)
with theJacobiammatrixand asmalldisplacementUndertheseassumptionsinimizing
canbesolvedthroughlinearleast-squaresA simplederivationyields

(A.3)
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FigureA.1: Sparsestructureof Jacobiarfor bundleadjustment.

Thisequations calledthenormalequation.Thesolutionto the problemis foundby startingfrom aninitial
solutionandre ning it basedn successie iterations

(A.4)

with  thesolutionof thenormalequationA.3 evaluatedcat . Onehopeghatthisalgorithmwill corverge
to the desiredsolution,but it couldalsoendup in alocal minimumor notcorvergeatall. This depends
lot ontheinitial value

A.1.2 Levenbem-Marquardt iteration

The levenbeg-Marquard iterationis a variationon the Newton iteration. The normalequations
areaugmentedo where with  theKroneclerdelta.
Thevalue s initialized to a smallvalue,e.qg. . If thevalueobtainedfor  reduceshe error,
the incrementis acceptedand is divided by 10 beforethe next iteration. On the other hand,if the
error increaseghen is multiplied by 10 and the augmentechormal equationsare solved again, until
anincrementis obtainedthatreducegshe error. This is boundto happensincefor alarge the method
approachea steepestiescent.

A.2 Bundle adjustment

The obsened points  being x ed, a speci ¢ residual is only dependenbn the
point -th pointandthe -th projectionmatrix. Thisresultsin a very sparsematrix for the Jacobian.This
isillustratedin gure A.1 for 3 views and4 points. Becausef the block structureof the Jacobiarsolving
thenormalequations have astructureasseenn gure A.2. It is possibleto write down explicit
formulasfor eachblock. Let us rst introducethefollowing notation:

- (A.5)

S (A.6)
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FigureA.2: Block structureof normalequations.
_ — (A.7)
 — (A.8)
e (A.9)
with — and—— matricescontainingthe partialderivativesfrom thecoordinate®f  to theparameters
of and respectiely. In this casethe normalequationsanberewrittenas
(A.10)
wherethe matrices and arecomposedf the blocksde ned previously.
Assuming isinvertible bothsidesof equationA.10 multiplied on the left with
to obtain
(A.11)
This canbe separateih two groupsof equationsThe rst oneis
(A.12)
andcanbeusedto solve for . Thesolutioncanbe substitutedn the othergroupof equations:
(A.13)

Notethatdueto the sparseblock structureof  its inversecanbe computedvery ef ciently .

The only computationallyexpensve step consistof solving equationA.12. This is however much
smallerthanthe original problem.For 20 views and2000pointsthe problemis reducedrom solving 6000
unknowvnsconcurrentljto moreor less200unknowvns. To simplify thenotationghenormalequationsvere
usedin this presentationlt is however simpleto extendthis to theaugmenteshormalequations.
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