
Multi-View Geometry 



Projection equations for a digital camera : 

image 

point  P2 

scene 

point  R3 

with    p  =  ( x , y , 1 )t     extended  pixel coordinates (P2) 

 p  =  K Rt ( P – C ) 

p  =  K Rt  [   I3   -C]  (Px Py Pz 1)T 

P 


Equivalently (homg. 3D coordinates): 



 

:  

2  VIEWS 



1 image 2 images 

What does an image tell about a scene ? 

determined ! 
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3-dimensional reconstruction is trivial 
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and if  the set-up of the second camera is known 

and if  one can identify corresponding image points 

if  the calibration matrix of the first camera is known 



Given a point in the first image… 

in the second image the point must be on 

the projection of the viewing ray for the first  

camera :  

 

Epipolar constraint helps finding correspondences 



l2 

image 2 

C2 

p2 

Basic observation :   a point in one image restricts the 

                                     projection in every other view, through 

                                     such `epipolar line’.  

epipolar line 

P 

p1 

image 1 

0 



Equation epipolar line for calibrated stereo setup 

We cast this constraint in mathematical expressions 

:  

p and p’ are the two images of P 

 

)(  CPRKp t 

)( CPRKp t 

 for some pRKCP 1 

w.r.t. 1st camera P is on the ray with  equation 



direction of the first ray of sight :  

pK 1
w.r.t. the 1st camera 

pRK 1
w.r.t. the world frame 

where R expresses the 1st camera’s orientation 

in the world 

C gives its position of the 1st camera, 

 

 for some pRKCP 1 

thus, the ray has equation 

Equation epipolar line for calibrated stereo setup 



so, the ray is given by 

pRKCP 1  for some  

now we project it onto the second image 

in general, points project as follows :  

)( CPRKp t 

)( CCRKpRKRKp tt  1

and thus, filling in the ray’s equation 

 

Equation epipolar line for calibrated stereo setup 



the projected ray was found to be  

)( CCRKpRKRKp tt  1

the second term is the projection of the 1st  

camera’s center, the so-called epipole 

)( CCRKe t

e


the first term is the projection of the ray’s 

point at infinity, the so-called vanishing point  

finally, adopting the simplifying notation 

11 


 RKRKA t

e )( eApp e
 

A is the infinite homography 
 

Equation epipolar line for calibrated stereo setup 



)( eApp e
 

expresses that p’ lies on the line l’ through the 

epipole e’ and the vanishing point Ap of the  

ray of sight of p 

 

Equation epipolar line for calibrated stereo setup 



)( eApp e
 

the epipolar constraint (epipolar line) 

we can rewrite this constraint as 

0 )( ApepApep t

 

Equation epipolar line for calibrated stereo setup 



0 )( ApepApep t

can be written, given 
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as 

  ApepApep t



                         

                      is the fundamental matrix 
 

  AeF 

F has rank 2 
 

Equation epipolar line for calibrated stereo setup 



SUMMARIZING : p2  =      A p1  +      e2 12 e

i.e.  p2  lies on the line through  A p1  and  e2   in the 2nd image 

or, in closed form,  

det ( p2    e2    A p1 ) = 0  



p2
t
  ( e2 x A p1 ) = 0 

p2
t
   [e2]x A  p1  = 0 

F 
the fundamental matrix 

P 

0 C2 
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p2 

e2 

A p1 

image 1 image 2 





Leads to a very compact and symmetric result:  

Each pair of corresponding  points   ( p1 , p2 )         

in two images  I1  and  I2  of a static scene satisfies the  

epipolar relation 

                                      p2
t
  F p1  = 0  

where    F = [e2]x A   is  the fundamental matrix of the image pair. 

Equation epipolar line for calibrated stereo setup 



Remarks :  

0 Fe t
so e’ can be computed  

   as e’ = Ae one has 

    0  eeAeeFe
so e can be computed 

  

 

   the epipoles form a pair of corresponding 

      points which one can get from F 

Equation epipolar line for calibrated stereo setup 
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Equation epipolar line for calibrated stereo setup 



our compact and symmetric result:  

Each pair of corresponding  points   ( p1 , p2 )        

in two images  I1  and  I2  of a static scene satisfies the  

epipolar relation 

                                      p2
t
  F p1  = 0  

where    F = [e2]x A   is  the fundamental matrix of the image pair. 

f11 x1 x2 + f12 y1 x2 + f13 x2 + f21 x1 y2 

             + f22 y1 y2 + f23 y2 + f31 x1 + f32 y1 + f33  = 0 

Explicitly,  

    if  p1 = ( x1 ,  y1 , 1 )t  and  p2 = ( x2 , y2 , 1 )t ,  

    then  

epipolar line from point correspondences 



Corollary 

The fundamental matrix  F  of an image pair I1 x I2   can linearly  

be computed  (up to a non-zero scalar factor)  from the image  

data alone if  at least 8 pairs  of  corresponding  points can be  

identified in the images. 

our compact and symmetric result:  

Each pair of corresponding  points   ( p1 , p2 )        

in two images  I1  and  I2  of a static scene satisfies the  

epipolar relation 

                                      p2
t
  F p1  = 0  

where    F = [e2]x A   is  the fundamental matrix of the image pair. 

epipolar line from point correspondences 



Automated correspondence search 

found ! 

the  fundamental matrix  F 

select  ( at least )  8  corresponding points 

In practice :  simultaneous matching of corresponding  

                      epipolar lines e.g. by dynamic programming 



Finding the initial  8  corresponding points 

  by using a corner detector 

  or by using viewpoint and illumination invariant regions 
       cf.  Feature Extraction lecture 

e.g.  Harris – Deriche corner detector  or  SIFT keys   +   similarity score 

  and by using a robust estimator to the results, eg RANSAC 

        



Corollary 

The fundamental matrix  F  of an image pair can be computed 

non-linearly using the rank F = 2 constraint from only 7 point 

correspondences, as the extra det(F)=0 condition is cubic in the 

elements of F  

our compact and symmetric result:  

Each pair of corresponding  points   ( p1 , p2 )           

in two images  I1  and  I2  of a static scene satisfies the  

epipolar relation 

                                      p2
t
  F p1  = 0  

where    F = [e2]x A   is  the fundamental matrix of the image pair. 

epipolar line from point correspondences 



Often one starts with a linear calculation, or an over-determined  

version thereof on the basis of far more than 8 correspondences  

(e.g. using RANSAC, an algorithm robust against outliers),  

 

to then impose the non-linear constraints in a second step. 

our compact and symmetric result:  

Each pair of corresponding  points   ( p1 , p2 )           

in two images  I1  and  I2  of a static scene satisfies the  

epipolar relation 

                                      p2
t
  F p1  = 0  

where    F = [e2]x A   is  the fundamental matrix of the image pair. 

epipolar line from point correspondences 



l2 

image 2 

C2 

p2 

Basic observation :   reversing roles between the views, one  

                                    would obtain an epipolar line for p2, this 

                                    lines is where the same plane generating 

                                                           the first epipolar line does  

                                                           intersect the first image… 

epipolair line 

P 

p1 

image 1 

0 

Pairs of epipolar lines 

l1 

All points on l1 have a corresponding point on l2 and v.v. !! 



• Epipolar lines are in mutual correspondence 

C1 

C2 

e12 
e12 

21 ll 

• Allows to separate matching problem into  one 

of matching per epipolar line pair 

 

 

Pairs of epipolar lines 



Choosing subsequent points along one epipolar line, 

one can try to find the corresponding points on the 

corresponding epipolar line 

Pairs of epipolar lines 



Pairs of epipolar lines 



:  

3  VIEWS 



:  

The advantages of using 3 views 

In two views, two rays emanating from two image points and 

intersecting in a point in 3D is  non-generic,  

but two lines generate two projection planes, which always  

intersect in a line…  

Any line in the second image can be the corresponding line  

of a line in the first view, i.e. there may be a line in 3D space 

which projects onto those two lines.  

 

In three images, not any point in one view can lie on a 3D line,  

defined by two lines  in two other views.  

 

Lines make their appearance as useful features.  



:  

The advantages of using 3 views 

With 3 views, the 3rd one yields a test on point correspondences, 

if we now the epipolar geometry of the pairs 1-3 and 2-3…  

then the m3, corresponding to m1 and m2, is found at the  

intersection of the two epipolar lines. 



The advantages of using 3 views 

An early example, @ Un. Hanover, of real-time 3D reconstruction, 

Where the 3rd image is used to check on the correctness of corr. 



:  

The advantages of using 3 views 

BUT, this construction fails for points M in the trifocal plane, 

i.e. the plane formed by the 3 centers of projection…  

Then the 2 epipolar lines coincide 

In practice, failure occurs also for points close to this plane 



:  

The advantages of using 3 views 

Fortunately, between 3 views, there are other constraints, 

independent of the epipolar constraints, which are also valid 

for points in the trifocal plane.  

These are the trifocal constraints.  

Just like the epipolar constraints are governed by the  

fundamental matrix F, the trifocal constraints are captured 

by the trifocal tensor T, which we will derived. 

T yields constraints between 3 points, between 2 points 

and line, between a point and 2 lines, and between 3 lines 



M 

m1 
m2 

m3 

image 2 

image 1 image 3 

C1 

C2 

C3 

We consider a point M and its 3 image projections m1, m2, m3 

The trifocal tensor 
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The trifocal tensor 

Next, we draw a line through m2 

That line, l2, defines a projection plane 



M 

L 

m1 
m2 

m3 
l2 

l3 
image 2 

image 1 image 3 

C1 

C2 

C3 

The trifocal tensor 

Similarly, we draw a line through m3 

That line, l3, defines  

a new projection plane, and the plane intersection L  



:  

The trifocal tensor 

In summary, what we have here is the non-generic incidence of 

 

- The line L defined by a line in the 2nd and 3rd view 

 

- The projection ray through a point in the 1st view 

Notice the asymmetric use of the 3 views in this case 



:  

The trifocal tensor 

The projection plane through l2 consists of all points X for which 

 

 

and M is one of them, thus 

 

And the projection plane through l3 also contains M  

The point M now lies in the projection planes of l2 and l3,  

as well as on the projection ray through m1 

The projection ray through m1 consists of all points X for which 

 

 

and thus there is some       such that  



:  

The trifocal tensor 

In summary: 



:  

The trifocal tensor 

Inserting the 1st equation in the 2nd and 3rd, yields: 

Or in shorthand, using the epipolar concepts: 



:  

The trifocal tensor 

Thus, we now have: 

… and therefore M can only ly on the ray and both planes if  

which we can also write as 



:  

The trifocal tensor 

Thus, we now have: 

The expression between square brackets is a 3x3 matrix, 

which we will denote by 

which leads to the compact notation: 



:  

The trifocal tensor 

column indices 

where each Tk (k=1,2,3) is a 3x3 matrix 



:  

The trifocal tensor 

Note that these depend only on camera parameters,  

not on any point or line coordinates 

T1, T2, and T3 are stacked to form a 3x3x3 array 

This is the trifocal tensor ! 



:  

The trifocal tensor 

So far, we saw how the trifocal tensor formulated an incidence 

relation (constraint) based on a point and two lines… 

 

                               with 

Now, we embark on formulating incidence relations between  

other combinations of points and/or lines, and we will find how  

in every case the trifocal tensor plays a pivotal role 

We start by considering the case of a triple of corresponding 

lines  
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The trifocal tensor 

The lines l2 and l3 define 

the plane intersection L and its projection l1 in the first image 



:  

The trifocal tensor 

So far, we had 

Or, equivalently,  

This is the equation of a line… As the ray-plane-plane incidence 

relation must hold for all points on the projection l1 of L, this  

must be the equation for l1… 

 

If                               then   



:  

The trifocal tensor 

We now consider the case of a triple of corresponding points 

and we will denote these vertical and horizontal lines as 

Since l2 passes through m2:  



:  

The trifocal tensor 

This implies 

and  

These equations contain the components of T and coordinates 

of 2 points and a line 



:  

The trifocal tensor 

Then, playing the same trick on l3 

These expressions contain the components of T and the 

coordinates of the 3 points 



:  

The trifocal tensor 

Just as with the fundamental matrix, camera calibration would 

allow us to determine T, but we can also get it through point or 

line incidence relations (correspondences) 

The tensor has 3x3x3 = 27 components, but all constraints  

lead to homogeneous equations, so we can fix one to 1 and 

determine the 26 remaining ones for a linear computation.  

Also as with the fundamental matrix, there are dependencies 

between the components of T; it was shown that they obey 

8 non-linear algebraic relations, which we will not consider. 



:  

The trifocal tensor 

Point-point-point:                   4 eqs 

Point-point-line:                   2 eqs 

Point-line-line:                   1 eq 

Line-line-line:                   2 eqs 



:  

The trifocal tensor 

Thus, for a linear solution we need at least sufficient numbers n 

of triples such that 



From 2 images one can compute  
those for other viewpts ! 

original images : 

generated images : 

Work by Shashua 

The trifocal tensor 

Notice: no degradation near  

             the trifocal planes… 



:  

4  VIEWS 



:  

The quadrifocal tensor 

4 arbitrary lines through 4 corresponding points… 

The non-zero intersection of 4 planes is non-generic 



:  

The quadrifocal tensor 

has a solution M and, hence, we have a rank lower than 4 for 



:  

The quadrifocal tensor 

and thus also for 

We now write 

and 

3 



:  

The quadrifocal tensor 

Then 

where 

which all only depend on camera parameters:  the infinite  

homographies A, the epipoles e, and the camera distances 

 



:  

The quadrifocal tensor 

Q is a 3x3x3x3 tensor 

Also this tensor can be used to express relations  between 

points and lines, or only points 

Such relations – rarely used in practice in contrast to the  

trifocal ones – are derived by expressing the equation of  

a line in terms of a vertical and a horizontal line through the  

point of interest.  

Just a with the trifocal constraints, we obtain a doubling of 

the number of equations per line which is exchanged for a 

point.  



:  

The quadrifocal tensor 



:  

The quadrifocal tensor 

We assumed arbitrary lines, but suppose 3 of them correspond, 

then the whole incidence relation is generic and the constraint is 

trivially satisfied… 



:  

The quadrifocal tensor 

Now for all l4 

Writing 

we find that  

COOL, now we have 3 eqs in the coordinates of l1, l2, and l3 !! 



:  

The quadrifocal tensor 

Now, for each triple of corresponding lines, we have 3 such 

equations, i.e. we have 12 equations? Not quite, only 9 of  

these of independent… (proof is omitted) 

The following table gives the number of independent eqs 

resulting from corresponding features: 



:  

The quadrifocal tensor 

And – no surprise here – we can derive the quadrifocal 

tensor again from feature incidence relations rather than  

camera parameters.  

 

(but there are some unexpected complications because  

of dependencies between relations, so check the literature 

on this!) 

There are 51 non-linear relations between the components 

of Q! 



:  

>4  VIEWS 



:  

It can be shown that once more than 4 images are combined, 

there are no relations that are independent of the epipolar,  

trifocal and quadrifocal relations between subsets of the  

images. 



Theorem 

(1)  The  epipolar  relations between any pair,  the  trifocal   

       relations between any triplet,  and  the  quadrifocal  relations  

       between any quadruple of views among 4 images of a static  

       scene are  algebraically independent .  

(2)  All multiview relations  that exist between image points and 

       lines  in  5 or more  views  of a  static scene  are expressed  

       by  the  epipolar  relations between any pair,  the  trifocal   

       relations  between any triplet,  and  the  quadrifocal  relations 

       between any quadruple of views among the images. 


